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Zero divisor and unit elements with supports of size 4 in group algebras of
torsion-free groups
Alireza Abdollahi and Fatemeh Jafari
ABSTRACT. Kaplansky Zero Divisor Conjecture states that if G is a torsion-
free group and F is a field, then the group ring F[G] contains no zero divisor
and Kaplansky Unit Conjecture states that if G is a torsion-free group and F
is a field, then F[G] contains no non-trivial units. The support of an element
α =
∑
x∈G αxx in F[G], denoted by supp(α), is the set {x ∈ G|αx 6= 0}. In this
paper we study possible zero divisors and units with supports of size 4 in group
algebras of torsion-free groups. We prove that if α, β are non-zero elements in F[G]
for a possible torsion-free group G and an arbitrary field F such that |supp(α)| = 4
and αβ = 0, then |supp(β)| ≥ 7. In [J. Group Theory, 16 (2013), no. 5, 667-693],
it is proved that if F = F2 is the field with two elements, G is a torsion-free group
and α, β ∈ F2[G]\{0} such that |supp(α)| = 4 and αβ = 0, then |supp(β)| ≥ 8. We
improve the latter result to |supp(β)| ≥ 9. Also, concerning the Unit Conjecture,
we prove that if ab = 1 for some a, b ∈ F[G] and |supp(a)| = 4, then |supp(b)| ≥ 6.
1. Introduction and Results
We call a non-zero element α of a ring zero divisor if αβ = 0 for some non-zero element β in the ring.
Let G be a group and F any field. We denote by F[G] the group algebra of G over F. In 1940, Irving
Kaplansky [11] stated his well known conjecture as follows:
Conjecture 1.1 (Kaplansky Zero Divisor Conjecture). Let F be a field and G a torsion-free group.
Then F[G] contains no zero divisor.
Another famous conjecture of Kaplansky on group algebras is the following [11]:
Conjecture 1.2 (Kaplansky Unit Conjecture). Let F be a field and G a torsion-free group. Then F[G]
contains no non-trivial units (i.e., non-zero scalar multiples of group elements).
Conjecture 1.2 is actually stronger than Conjecture 1.1 so that the affirmative solution to Conjecture
1.2 implies the positive one for Conjecture 1.1 [17, Lemma 13.1.2]. Conjecture 1.2 is known for any
field F and any unique product group G [17, 20]. Conjecture 1.1 is known to be hold valid for any
field F, where G is a unique product group [17, Theorem 26.2] or elementary amenable group [13]. The
proof of the former case is elementary however the proof of the latter one needs advanced concepts and
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techniques. The latter results are somehow the state-of-art of what one knows on Conjecture 1.1; for
more details concerning Conjecture 1.1 the reader may see [4, 5, 7, 8, 13, 14, 15, 17, 19]. Conjecture
1.1 is still open and attempts to confirm it for fixed fields F were even unsuccessful. It seems that the
simplest case to verify Conjecture 1.1 is for the field with 2 elements which is still far from to have
solved.
For each element α =
∑
x∈G αxx in F[G], the support of α, denoted by supp(α), is the set {x ∈ G|αx 6=
0}.
Recently, zero divisors and units with small supports have been studied in [2, 18] and [6], respectively.
It is proved that the group algebra of a torsion-free group has no zero divisor and no unit with support
of size at most 2 [18, Theorem 2.1] and [6, Theorem 4.2], respectively. Also, by using a combinato-
rial structure in [18] it is shown that if G is a torsion-free group and α, β ∈ F2[G] \ {0} such that
|supp(α)| = 4, then |supp(β)| > 4 [18, Theorem 1.2] and with a computer-assisted approach the latter
result improved to |supp(β)| > 7 [18, Theorem 1.3]. Zero divisors with support of size 3 are also studied
in [18] and it is proved that if G is a torsion-free group and α, β ∈ F2[G] \ {0} such that |supp(α)| = 3,
then |supp(β)| > 16. Unit elements with support of size 3 are studied in [6], where it is proved that if G
is a torsion-free group and a, b ∈ F2[G] such that ab = 1, then |supp(b)| > 11 whenever |supp(a)| = 3;
and |supp(b)| > 5 whenever |supp(a)| = 5. In [1] using two multigraphs Z(α, β) and U(a, b) associated
with a pair (α, β) of zero divisors (i.e. αβ = 0) or a pair (a, b) of unit elements (i.e. ab = 1) of any
support sizes in a group algebra the lower bound 16 is improved to 18 in the latter result; also units
with support of size 3 have been studied. As we are following the same approach introduced in [1] to
study zero divisors and units with support size 3, we need to remind some definitions from graph theory
that we will use in the sequel.
A graph G = (VG , EG , ψG) consists of a non-empty set VG , a possibly empty set EG and if EG 6= ∅ a
function ψG : EG −→ V
(1)
G ∪V
(2)
G ∪ (VG ×VG), where V
(i)
G denotes the set of all i-element subsets of VG for
i = 1, 2. The elements of VG and EG are called vertices and edges of the graph G, respectively. An edge
e ∈ EG is called an undirected loop if ψG(e) ∈ V
(1)
G . The edge e is called directed if ψG(e) ∈ VG × VG
and it is called a directed loop if ψG(e) = (v, v) for some v ∈ VG . The graph G is called undirected
if ψG(EG) ∩ (VG × VG) = ∅. We say a vertex u is adjacent to a vertex v, denoted by u ∼ v, if
ψG(e) = {u, v}, (u, v) or (v, u) for some e ∈ EG ; otherwise, we say u is not adjacent to v, denoted
by u ≁ v. In the latter case the vertices u and v are called the endpoints of the edge e and we say
e joins its endpoints. If a vertex v is an endpoint of an edge e, we say v is adjacent to e or also e
is adjacent to v. Two edges e1 and e2 are called adjacent, denoted by e1 ∼ e2, if the sets of their
endpoints have non-empty intersection. The graph G is called loopless whenever ψG(EG)∩V
(1)
G = ∅ and
ψG(EG) ∩ {(v, v)|v ∈ VG} = ∅. Multi-edges are two or more edges that have the same endpoints. A
multigraph is a graph which is permitted to have multi-edges but they have no loop. A simple graph
is an undirected loopless graph having no multi-edge. So, the graph G is simple if either EG is empty
or ψG is an injective function from EG to V
(2)
G . The degree of a vertex v of G, denoted by degG(v),
is the number of edges adjacent to v. If all vertices of a graph have the same degree k, we say that
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the graph is k-regular. We say an undirected graph is connected if for any two distinct vertices v
and w there are vertices v0 = v, v1, . . . , vn = w such that vj−1 ∼ vj for j = 1, . . . , n. A subgraph of
a graph G is a graph H such that VH ⊆ VG, EH ⊆ EG and ψH is the restriction of ψG to EH. In a
graph G, an induced subgraph I on a set of vertices W ⊆ VG is a subgraph in which VI = W and
EI = {e ∈ EG | the endpoints of e are in W}. An isomorphism between two undirected and loopless
graphs G and H is a pair of bijections φV : VG −→ VH and φE : EG −→ EH preserving adjacency and
non-adjacency i.e., for any pair of vertices u, v ∈ VG , φV(u) ∼ φV(v) ⇔ u ∼ v and for any pair of
edges e1, e2 ∈ VG , φE(e1) ∼ φE(e2)⇔ e1 ∼ e2. Two undirected and loopless graphs G and H are called
isomorphic (denoted by G ∼= H) if there is an isomorphism between them. We say that an undirected
and loopless graph H is a forbidden subgraph of a graph G if there is no subgraph isomorphic to H in
G. A Cayley graph of a group G with respect to an inverse closed set S with 1 6∈ S, we mean the graph
whose vertex set is G and two vertices x and y are adjacent if xy−1 ∈ S.
In this paper we study Z(α, β) and U(a, b) for a pair of zero divisors (α, β) and a pair of unit elements
(a, b) in F[G] for a possible torsion-free group G and arbitrary field F such that supp(α) and supp(a)
are of size 4. We specifically study Z(α, β) for a pair of zero divisors (α, β) in F2[G] for a possible
torsion-free group G such that |supp(α)| = 4. Note that any group algebra over the field F2 has no unit
with support of size 4 (Remark 7.2, below). For a non-zero element α of a group algebra we denote
by Sα the set {h
−1h′ | h 6= h′, h, h′ ∈ supp(α)}. Concerning Conjecture 1.1, our main results are the
following:
Theorem 1.3. Let G be a torsion-free group, F an arbitrary field and α, β be non-zero elements of F[G]
such that |supp(α)| = 4 and αβ = 0. Then the following statements hold:
i. |Sα| ∈ {10, 12}.
ii. If |Sα| = 12, then Z(α, β) contains no subgraph isomorphic to one of the graphs in Figure 1,
where each vertex of the subgraph has degree 4 in Z(α, β), and the graph in Figure 2, where the
degree of white vertices of the subgraph in Z(α, β) must be 5.
iii. If |Sα| = 12 and F = F2, then Z(α, β) contains a 4-regular subgraph.
iv. If |Sα| = 10, then Z(α, β) contains no subgraph isomorphic to the graph in Figure 4 for all
n ≥ 3.
v. If |Sα| = 10 and F = F2, then Z(α, β) contains no subgraph isomorphic to one of the graphs in
Figure 3, where the degrees of white vertices of any subgraph in Z(α, β) must be 4.
The following result extends [18, Theorem 1.2] to arbitrary fields with a better lower bound.
Theorem 1.4. Let G be a torsion-free group and α, β be non-zero elements in F[G] such that αβ = 0.
If |supp(α)| = 4, then |supp(β)| ≥ 7.
The following result improves one step the lower bound 8 in [18, Theorem 1.3].
Theorem 1.5. Let G be a torsion-free group and α, β be non-zero elements in F2[G] such that αβ = 0.
If |supp(α)| = 4, then |supp(β)| ≥ 9.
Concerning Conjecture 1.2, our main results are the following:
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Figure 1. Some forbidden subgraphs of Z(α, β) and U(a, b), where |Sα| = 12, |Sa| = 12
and each vertex of the subgraph has degree 4 in these graphs.
Figure 2. A forbidden subgraph of Z(α, β), where |Sα| = 12 and the degree of white
vertices of the subgraph in Z(α, β) must be 5.
Figure 3. Some forbidden subgraphs of Z(α, β), where F = F2, |Sα| = 10 and the
degrees of white vertices in Z(α, β) must be 4.
Theorem 1.6. Let G be a torsion-free group, F an arbitrary field and a, b ∈ F[G] such that |supp(a)| = 4
and ab = 1. Then the following statements hold:
i. |Sa| ∈ {10, 12}.
ii. If |Sa| = 12, then U(a, b) contains no subgraph isomorphic to one of the graphs in Figure 1,
where each vertex of the subgraph has degree 4 in U(a, b).
iii. If |Sa| = 10, then U(a, b) contains no subgraph isomorphic to the graph in Figure 4 for all n ≥ 3.
Theorem 1.7. Let G be a torsion-free group, F an arbitrary field and a, b ∈ F[G] such that |supp(a)| = 4
and ab = 1. Then |supp(b)| ≥ 6.
2. Preliminaries
We encounter to the Klein bottle group in the sequel, so we give its definition and some of its
properties.
Remark 2.1. The Klein bottle group has the presentation
〈
x, y | x2 = y2
〉
, also 〈x, y | xyx = y〉 is an-
other presentation of the Klein bottle group. It follows from Remark 3.16 of [1] that Conjectures 1.1 and
1.2 are known to be hold valid for any field F and every torsion-free quotient of the Klein bottle group.
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Figure 4. A forbidden subgraph of Z(α, β) and U(a, b) for all n ≥ 3, where |Sα| and
|Sa| are equal to 10.
Definition 2.2. Let G be a group and B,C be two finite subsets of G. As usual we denote by BC the set
{bc | b ∈ B, c ∈ C}. Also, for each element x ∈ BC, denote by RBC(x) the set {(b, c) ∈ B×C | x = bc}
and let rBC(x) := |RBC(x)|. It is clear that rBC(x) ≤ min{|B|, |C|} for all x ∈ BC.
Lemma 2.3. Let x, y, z be 3 pairwise distinct non-trivial elements of a torsion-free group. Suppose that
the subgroup 〈x, y, z〉 is neither abelian nor isomorphic to the Klein bottle group. If
S := ({1, x, y, z}−1{1, x, y, z}) \ {1} = {x, y, z, x−1, y−1, z−1, x−1y, x−1z, y−1x, y−1z, z−1x, z−1y},
then |S| ∈ {10, 12}. In particular, if |S| = 10, then {x, y, z} ∈
{
{a, a−1, b}, {a, a2, b}, {a, b, ab−1a}, {a, b, ab}
}
for some a, b ∈ {x, y, z}.
Proof. Let X = {1, x, y, z} and H = 〈x, y, z〉. Clearly, |X−1X| ≤ 16. Since x, y, z are pairwise distinct
non-trivial elements, RX−1X(1) = {(1, 1), (x
−1, x), (y−1, y), (z−1, z)}. Hence, |S| = |X−1X \ {1}| ≤ 12.
Since 1 6∈ S−1 = S and the group has no element of order 2 as it is torsion-free, it follows that |S| is
even and so |S| 6= 11.
Let us see under what conditions on two distinct pairs (x1, x2) and (x3, x4) of elements of X, x
−1
1 x2 =
x−13 x4.
Let t = |{x1, x2} ∩ {x3, x4}|. It is clear that 0 ≤ t ≤ 2. If t = 2, then x1 = x4 and x2 = x3 so
that (x−11 x2)
2 = 1; since H is torsion-free x1 = x2 and so (x1, x2) = (x3, x4), a contradiction. Thus
t ∈ {0, 1}. Note that if t = 1, since |X| = 4, either x1 = x4 or x2 = x3.
Hence, one of the following cases holds:
(A) t = 1 and {x1, x2} ∩ {x3, x4} = {1}. It follows that, in this case there exist distinct elements
a, b ∈ X \ {1} such that b = a−1 and b−1 = a.
(B) t = 1 and 1 ∈ {x1, x2, x3, x4} \ ({x1, x2} ∩ {x3, x4}). It follows that, in this case there exist
distinct elements a, b ∈ X \ {1} such that a−1b = a which is equivalent to b = a2.
(C) t = 1 and 1 /∈ {x1, x2, x3, x4}. It follows that, in this case there exist pairwise distinct elements
a, b, c ∈ X \ {1} such that c−1b = a−1c which is equivalent to b = ca−1c.
(D) t = 0. It follows that, in this case there exist pairwise distinct elements a, b, c ∈ X \ {1} such
that a−1b = c which is equivalent to b = ac.
Suppose, for a contradiction, that |S| < 10. Then there exist some pairs (x1, x2), (x3, x4), (x
′
1, x
′
2) and
(x′3, x
′
4) of elements of X such that (x1, x2) 6= (x3, x4), (x
′
1, x
′
2) 6= (x
′
3, x
′
4), x
−1
1 x2 = x
−1
3 x4, x
′−1
1 x
′
2 =
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x′−13 x
′
4, {(x
′
1, x
′
2), (x
′
3, x
′
4)} 6= {(x1, x2), (x3, x4)} and {(x
′
1, x
′
2), (x
′
3, x
′
4)} 6= {(x2, x1), (x4, x3)}. Thus,
the pairs (x1, x2) and (x3, x4) satisfy the case (I) and (x
′
1, x
′
2) and (x
′
3, x
′
4) satisfy the case (J), where
(I) and (J) are one the above cases (A), (B), (C) or (D).
In the following, we show that every choice for the set {I, J} leads to a contradiction and so |S| ∈
{10, 12}.
(1) Suppose that {I, J} = {A,B}. Then there exist distinct elements a, b ∈ X \{1} such that b = a−1
and there exist distinct elements a′, b′ ∈ X \ {1} such that b′ = a′2. Hence, one of the following
cases occurs:
1. If {a′, b′} = {a, b}, then H has a non-trivial torsion element, a contradiction.
2. If {a′, b′} 6= {a, b}, then H is a cyclic group, a contradiction.
(2) Suppose that {I, J} = {A,C}. Then there exist distinct elements a, b ∈ X \{1} such that b = a−1
and there exist pairwise distinct elements a′, b′, c′ ∈ X \ {1} such that a′ = b′c′−1b′. Clearly,
{a, b} ⊆ {a′, b′, c′}. Thus, one of the following cases occurs:
1. If {a′, c′} = {a, b}, then H is isomorphic to the Klein bottle group, a contradiction.
2. If {a′, b′} = {a, b} or {b′, c′} = {a, b}, then H is a cyclic group, a contradiction.
(3) Suppose that {I, J} = {A,D}. Then there exist distinct elements a, b ∈ X\{1} such that b = a−1
and there exist pairwise distinct elements a′, b′, c′ ∈ X \ {1} such that b′ = a′c′. Hence, one of
the following cases occurs:
1. If {a′, c′} = {a, b}, then b′ = 1, a contradiction.
2. If {a′, b′} = {a, b} or {b′, c′} = {a, b}, then H is a cyclic group, a contradiction.
(4) Suppose that {I, J} = {B,C}. Then, there exist distinct elements a, b ∈ X \{1} such that b = a2
and there exist pairwise distinct elements a′, b′, c′ ∈ X \ {1} such that a′ = b′c′−1b′. Thus, one
of the following cases occurs:
1. If {a′, c′} = {a, b}, then H is abelian, a contradiction.
2. If {a′, b′} = {a, b} or (b′, c′) = (b, a), then H is a cyclic group, a contradiction.
3. If (b′, c′) = (a, b), then a′ = 1, a contradiction.
(5) If {I, J} = {B,D}, then it follows that, H is a cyclic group, a contradiction.
(6) Suppose that {I, J} = {C,D}. Then there exist pairwise distinct elements a, b, c ∈ X \ {1} such
that b = ca−1c and there exist pairwise distinct elements a′, b′, c′ ∈ X \ {1} such that b′ = a′c′.
Hence, one of the following cases occurs:
1. If {a′, c′} 6= {a, b}, then H is a cyclic group, a contradiction.
2. If {a′, c′} = {a, b}, then c = 1, a contradiction.
(7) If {I, J} = {A}, then it follows that, |X| < 4, a contradiction.
(8) Suppose that {I, J} = {B}. Then there exist distinct elements a, b ∈ X \ {1} such that b = a2
and also there exist distinct elements a′, b′ ∈ X \ {1} such that b′ = a′2. Note that since
{(x′1, x
′
2), (x
′
3, x
′
4)} 6= {(x1, x2), (x3, x4)} and {(x
′
1, x
′
2), (x
′
3, x
′
4)} 6= {(x2, x1), (x4, x3)}, (a
′, b′) 6=
(a, b). Hence, one of the following cases occurs:
1. If a = b′ and b = a′, then H has a non-trivial torsion element, a contradiction.
2. If a 6= a′ and b = b′, then H is isomorphic to the Klein bottle group, a contradiction.
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a b c a−1 b−1 c−1 a−1b a−1c b−1a b−1c c−1a c−1b
b = a−1
b = a2
b = ca−1c
b = ac
Table 1. The same colors (black and gray) in each row show the elements ofX−1X\{1},
where X = {1, a, b, c}, that are equal in each case which leads to |X−1X \ {1}| = 10.
3. If a 6= b′ and b = a′ or a = b′ and b 6= a′, then H is a cyclic group, a contradiction.
4. If a = a′ and b 6= b′, then |X| < 4, a contradiction.
(9) If {I, J} = {C}, then it follows that, H has a non-trivial torsion element, a contradiction.
(10) Suppose that {I, J} = {D}. Then there exist pairwise distinct elements a, b, c ∈ X \ {1} such
that b = ac and there exist pairwise distinct elements a′, b′, c′ ∈ X \ {1} such that b′ = a′c′.
Clearly, (a′, b′, c′) 6= (a, b, c). Hence, one of the following cases occurs:
1. If (a′, b′, c′) ∈ {(a, c, b), (b, a, c)}, then H has a non-trivial torsion element, a contradiction.
2. If (a′, b′, c′) ∈ {(b, c, a), (c, a, b)}, then it follows that H is isomorphic to the Klein bottle
group, a contradiction.
3. If (a′, b′, c′) = (c, b, a), then it follows that H is abelian, a contradiction.
Thus, |S| ∈ {10, 12} and if |S| = 10, then exactly one of the cases among (A), (B), (C) and (D) holds.
This completes the proof. Table 1 depicts the elements of S which are equal in each case among (A),
(B), (C) and (D). 
Definition 2.4. For each element α ∈ F[G], let Sα := (supp(α)
−1supp(α)) \ {1} = {h−1h′ | h 6=
h′, h, h′ ∈ supp(α)}.
Definition 2.5. Let F be an arbitrary field and G a group and also α, β be non-zero elements in F[G]
such that αβ = a, where a ∈ {0, 1}. We say that β is a mate of α if for each non-zero element β′ ∈ F[G]
such that αβ′ = a, then |supp(β)| ≤ |supp(β′)|.
Remark 2.6. Note that if β is a mate of α then it is not necessary that α is a mate of β (see Example
5, below).
Lemma 2.7. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
and β be a mate of α. If |supp(α)| ≤ 5, then
〈
h−1supp(α)
〉
=
〈
supp(β)g−1
〉
for all h ∈ supp(α) and all
g ∈ supp(β).
Proof. Let B = supp(α), C = supp(β), H =
〈
h−1B
〉
and K =
〈
Cg−1
〉
. Partition B = B1 ∪ · · · ∪ Bl,
where Bi = B ∩ tiK and tiK is a left coset of K in G. Clearly, since |B| ≤ 5, l ≤ 5. Suppose, for a
contradiction, that l ≥ 2. Since
h−1αβg−1 = h−1(
∑
h′∈B
αh′h
′)βg−1 = h−1(
l∑
i=1
∑
h′∈Bi
αh′h
′)βg−1 = 0,
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and tiK ∩ tjK = ∅, where i, j are distinct elements in {1, . . . , l}, we have (
∑
hi∈Bs
αihi)β = 0 for each
s ∈ {1, . . . , l}. By [18, Theorem 2.1], |Bi| /∈ {1, 2} for all i ∈ {1, . . . , l}. On the other hand, since |B| ≤ 5
and l ≥ 2, there exists i ∈ {1, . . . , l} such that |Bi| ∈ {1, 2}, a contradiction. Hence, l = 1 and since
1 ∈ h−1B, H ⊆ K. By [1, Lemma 2.5 ], K ⊆ H and therefore K = H. 
Lemma 2.8. Let F be an arbitrary field and G a torsion-free group. If α is a possible zero divisor in
F[G] with |supp(α)| = 4, then |Sα| ∈ {10, 12}.
Proof. Suppose that β is a mate of α. Let B = supp(α), C = supp(β) and H =
〈
h−1B
〉
, where h is an
arbitrary element of B. By Lemma 2.7, h−1α, βg−1 ∈ F[H] for all g ∈ C. Since (h−1α)(βg−1) = 0, H
is not abelian [17, Theorem 26.2] and also H is not isomorphic to the Klein bottle group (see Remark
2.1). Then by Lemma 2.3, |B−1B \ {1}| = |((h−1B)−1(h−1B)) \ {1}| ∈ {10, 12}. This completes the
proof. 
Lemma 2.9. Let a be a non-trivial unit in F[G] for a possible torsion-free group G and arbitrary field
F and b be a mate of a. If |supp(a)| ≤ 5, then 〈supp(a)〉 = 〈supp(b)〉.
Proof. Let B = supp(a), C = supp(b), H = 〈B〉 and K = 〈C〉. Partition B = B1 ∪ · · · ∪ Br, where
Bi = B ∩ tiK and tiK is a left coset of K in G. Suppose, for a contradiction, that r ≥ 2. Since
ab = (
∑
a′∈B
αa′a
′)b = (
r∑
i=1
∑
a′∈Bi
αa′a
′)b = 1,
and for each i 6= j, tiK ∩ tjK = ∅, there exists l ∈ {1, . . . , r} such that (
∑
a′∈Bl
αa′a
′)b = 1 and for
each t ∈ {1, . . . , r} \ {l}, (
∑
a′∈Bt
αa′a
′)b = 0. By [6, Theorem 4.2 ], |Bl| /∈ {1, 2} and by [18, Theorem
2.1], for each l 6= i ∈ {1, . . . , r}, |Bi| /∈ {1, 2}. On the other hand, since |B| ≤ 5 and r ≥ 2, there exists
i ∈ {1, . . . , r} such that |Bi| ∈ {1, 2}, a contradiction. Thus, we must have r = 1 and so there exists
t ∈ G such that H ⊆ tK. Now, since ab = 1, there exists h ∈ B∩C−1 which implies t ∈ K and therefore
H ⊆ K. By [1, Lemma 2.12], K ⊆ H and so K = H. 
Lemma 2.10. Let F be an arbitrary field and G a torsion-free group. If a is a possible unit in F[G]
with |supp(a)| = 4, then |Sa| ∈ {10, 12}.
Proof. Suppose that b is a mate of a. Let B = supp(a), C = supp(b) and H =
〈
h−1B
〉
, where h is an
arbitrary element of B. Since (h−1a)(bh) = 1, Lemma 2.7 implies (h−1a), (bh) ∈ F[H] and therefore H
is neither abelian [17, Theorem 26.2] nor isomorphic to the Klein bottle group (see Remark 2.1). Hence,
the result follows from Lemma 2.3. 
Definition 2.11. Suppose that α, β ∈ F[G], B = supp(α) and C = supp(β). For each g ∈ C and i ∈
{1, . . . , |B|}, let Θi(g) := {h ∈ B | rBC(hg) = i}, θi(g) := |Θi(g)|, ∆
i
(α,β) := {s ∈ BC | rBC (s) = i} and
δi(α,β) := |∆
i
(α,β)|. Clearly, 0 ≤ θi(g) ≤ |B|,
∑|B|
i=1 θi(g) = |B|,
∑|B|
i=1 δ
i
(α,β) = |BC| and
∑|B|
i=1 iδ
i
(α,β) =
|B||C|.
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3. Zero divisor and unit graphs
In [1], the zero divisor graph is introduced as follows:
Definition 3.1. For any pair of non-zero elements (α, β) of a group algebra over a field F and a group
G such that αβ = 0, we assign a graph Z(α, β) to (α, β) called the zero-divisor graph of (α, β) as follows:
the vertex set is supp(β), the edge set is{
{(h, h′, g, g′), (h′, h, g′, g)} | h, h′ ∈ supp(α), g, g′ ∈ supp(β), g 6= g′, hg = h′g′
}
,
and if E(α,β) 6= ∅, the function ψZ(α,β) : EZ(α,β) → V
2
Z(α,β)
is defined by
ψZ(α,β)({(h, h
′, g, g′), (h′, h, g′, g)}) = {g, g′},
for all {(h, h′, g, g′), (h′, h, g′, g)} ∈ EZ(α,β).
Z(α, β) is called a zero divisor graph of length |supp(α)| over the field F and on the group G.
Lemma 3.2. Let α, β be non-zero elements in F[G] such that |supp(α)| = n and αβ = 0. Then every
vertex of Z(α, β) has degree n, n+1, . . . or n(n− 1). Moreover, if F = F2, then if n is even or odd, then
the degrees of all vertices of Z(α, β) are even or odd, respectively.
Proof. Let B = supp(α), C = supp(β). Since αβ = 0,
∑
(h,g)∈RBC (x)
αhβg = 0 for all x ∈ BC. Hence,
we must have rBC(x) ≥ 2 and by Definition 2.2, rBC(x) ∈ {2, 3, . . . , n} for all x ∈ BC. Suppose that
g is a vertex of Z(α, β). As discussed above for each h ∈ B, rBC(hg) ∈ {2, 3, . . . , n} and therefore
degZ(α,β)(g) satisfies the following formula:
(3.1) degZ(α,β)(g) = n+
n∑
i=3
(i− 2)θi(g), where 0 ≤
n∑
3
θi(g) ≤ n.
Hence, degZ(α,β)(g) ∈ {n, n+1, . . . , n(n−1)}. If F = F2, then αβ =
∑
x∈BC rBC(x)x = 0. Thus, rBC(x)
is an even number for all x ∈ BC. Hence, if i is an odd number, then θi(g) = 0 for all g ∈ supp(β)
and therefore 3.1 implies that if n is even or odd, then degZ(α,β)(g) is even or odd, respectively. This
completes the proof. 
Example 1. Let G′ be a group with an element a ∈ G′ of order 10. If we let α = 1 + a+ a4 + a9 and
β = 1 + a2 + a4 + a6 + a8, then α, β ∈ F2[G
′] and αβ = 0 = βα. Z(α, β) and Z(β, α) are shown in
Figure 5. It can be seen that β is a mate of α but as shown in Figure 5, since Z(β, α) is not connected,
Lemma 2.6 of [1] implies that α is not a mate of β. It can be seen that α′ = 1 + a2 is a mate of β.
In [1], the unit graph is introduced as follows:
Definition 3.3. For any pair of elements (a, b) of a group algebra over a field F and a group G such
that ab = 1, we assign a graph U(a, b) to (a, b) called the unit graph of (a, b) as follows:
the vertex set is supp(b), the edge set is{
{(h, h′, g, g′), (h′, h, g′, g)} | h, h′ ∈ supp(a), g, g′ ∈ supp(b), g 6= g′, hg = h′g′
}
,
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1
a2 a8
a4 a6
Z(α, β)
1 a
a4 a9
Z(β, α)
Figure 5. Z(α, β) and Z(β, α), where α and β are two elements of F2[G
′] with
supp(α) = {1, a, a4, a9} and supp(β) = {1, a2, a4, a6, a8}.
and if EU(a,b) 6= ∅, the function ψU(a,b) : EU(a,b) → V
2
U(a,b)
is defined by
ψU(a,b)({(h, h
′, g, g′), (h′, h, g′, g)}) = {g, g′},
for all {(h, h′, g, g′), (h′, h, g′, g)} ∈ EU(a,b).
U(a, b) is called a unit graph of length |supp(a)| over the field F and on the group G.
Lemma 3.4. Let a, b ∈ F[G] such that |supp(a)| = n and ab = 1. Then every vertex of U(a, b) has
degree n− 1, n, . . . or n(n− 1). Moreover, the number of vertices of degree n− 1 in U(a, b) is at most 1.
Proof. Let B = supp(a) and C = supp(b). Since ab = 1, we must have 1 ∈ BC,
∑
(h,g)∈RBC(1)
αhβg = 1
and
∑
(h,g)∈RBC (x)
αhβg = 0 for all x ∈ BC \ {1}. Thus, by Definition 2.2, rBC(1) ∈ {1, 2, . . . , n} and
rBC(x) ∈ {2, 3, . . . , n} for all x ∈ BC \{1}. Suppose that g is a vertex of U(a, b). As discussed above, if
g /∈ C ∩B−1, then rBC(hg) ∈ {2, 3, . . . , n} for all h ∈ B. So, degU(a,b)(g) satisfies the following formula:
(3.2) degU(a,b)(g) = n+
n∑
i=3
(i− 2)θi(g), where 0 ≤
n∑
3
θi(g) ≤ n.
Hence, degU(a,b)(g) ∈ {n, n + 1, . . . , n(n − 1)}. Now, suppose that g ∈ C ∩ B
−1. Consider two cases:
(1) C ∩B−1 6= {g}: Then rBC(1) ≥ 2 and therefore degU(a,b)(g) satisfies 3.2; (2) C ∩B
−1 = {g}: Then
rBC(1) = 1 and for each h ∈ B \ {g
−1}, rBC(hg) ≥ 2. Hence, degU(a,b)(g) = n − 1 +
∑n
i=3(i − 2)θi(g),
where 0 ≤
∑n
3 θi(g) ≤ n− 1. So, degU(a,b)(g) ∈ {n− 1, . . . , (n− 1)
2}. This completes the proof. 
Remark 3.5. Suppose that Γ is a zero divisor graph or a unit graph on a pair of elements (α, β) in
a group algebra. Let B = supp(α) and C = supp(β). For each s ∈ ∆i(α,β), let V(α,β)(s) := {g ∈
C | (sg−1, g) ∈ RBC(s)}. Clearly, the induced subgraph on V(α,β)(s) in Γ is a complete graph.
Lemma 3.6. Let α, β ∈ F[G] \ {0} such that αβ = 0. Then the following statements hold:
(1) Suppose that s ∈ ∆i(α,β), where 3 ≤ i ≤ |supp(α)|. Then for each g ∈ V(α,β)(s), degZ(α,β)(g) >
|supp(α)|.
(2) Suppose that s ∈ ∆i(α,β) and s
′ ∈ ∆j(α,β) such that s 6= s
′ and 2 ≤ i, j ≤ |supp(α)|. Then each
pair of distinct elements in V(α,β)(s)∩ V(α,β)(s
′) are adjacent by more than one edge in Z(α, β).
(3) For each g ∈ supp(β) and i ∈ {1, . . . , |supp(α)|}, |{s ∈ ∆i(α,β) | g ∈ V(α,β)(s)}| = θi(g).
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Proof. Clearly, for each g ∈ V(α,β)(s), sg
−1 ∈ Θi(g) and therefore 3.1 implies degZ(α,β)(g) > |supp(α)|.
Suppose that there are distinct elements gi, gj ∈ V(α,β)(s) ∩ V(α,β)(s
′). s 6= s′ implies that
{(sg−1i , sg
−1
j , gi, gj), (sg
−1
j , sg
−1
i , gj , gi)} and {(s
′g−1i , s
′g−1j , gi, gj), (s
′g−1j , s
′g−1i , gj , gi)}
are distinct elements of EZ(α,β). This completes the proof of part (2). The proof of part (3) is clear by
the definition of the set Θi(g). 
Lemma 3.7. Let a, b ∈ F[G] such that ab = 1. Then the following statements hold:
(1) Suppose that s ∈ ∆i(a,b) and s
′ ∈ ∆j(a,b) such that s 6= s
′ and 2 ≤ i, j ≤ |supp(a)|. Then each pair
of distinct elements in V(a,b)(s) ∩ V(a,b)(s
′) are adjacent by more than one edge in U(a, b).
(2) For each g ∈ supp(b) and i ∈ {1, . . . , |supp(a)|}, |{s ∈ ∆i(a,b) | g ∈ V(a,b)(s)}| = θi(g).
Proof. The proof is similar to the proof of parts (2) and (3) of Lemma 3.6. 
In the sequel, we study the zero divisor graph and the unit graph of lengths 4 over an arbitrary field
and on any torsion-free group. If α is a zero divisor or a unit in F[G] for a possible torsion-free group
G and arbitrary field F with |supp(α)| = 4, then by Lemmas 2.8 and 2.10, |Sα| ∈ {10, 12}. In Sections
4 and 5 we study these graphs in the cases |Sα| = 12 and |Sα| = 10, respectively.
Remark 3.8. Suppose that α is a zero divisor in F[G] for a possible torsion-free group G and arbitrary
field F with |supp(α)| = 4 and β is a mate of α . By Lemma 2.4 of [1] and Lemma 2.7, we may assume
that 1 ∈ supp(α) ∩ supp(β) and G = 〈supp(α)〉 = 〈supp(β)〉.
Remark 3.9. Suppose that a is a unit in F[G] for a possible torsion-free group G and arbitrary field
F with |supp(a)| = 4 and b is a mate of a. Since ab = 1, there exists h ∈ supp(a) ∩ (supp(b))−1. By
Lemma 2.10 of [1] and since (h−1a)(bh) = 1, we may assume that 1 ∈ supp(a)∩supp(b). Also, according
to Lemma 2.9, we may assume that G = 〈supp(a)〉 = 〈supp(b)〉.
4. Zero divisor and unit graphs of lengths 4 over an arbitrary field and on any
torsion-free group, where |Sα| = 12 and |Sa| = 12
The following remark follows from Lemma 3.2 and [1, Lemma 2.6].
Remark 4.1. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4 and β be a mate of α. Then Z(α, β) is connected and also for each g ∈ supp(β),
degZ(α,β)(g) = 4+ θ3(g)+2θ4(g), where 0 ≤ θ3(g)+ θ4(g) ≤ 4. Moreover, if F = F2, then degZ(α,β)(g) =
4 + 2θ4(g), where 0 ≤ θ4(g) ≤ 4.
Theorem 4.2. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a non-zero element of F[G] such that αβ = 0. Then Z(α, β) is
the induced subgraph of the Cayley graph of G with respect to Sα on the set supp(β).
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Proof. Let B = supp(α) and C = supp(β). Suppose that there are two edges between distinct vertices
g and g′ of Z(α, β). Hence, there exist h1, h2, h
′
1, h
′
2 ∈ B such that {(h1, h2, g, g
′), (h2, h1, g
′, g)} and
{(h′1, h
′
2, g, g
′), (h′2, h
′
1, g
′, g)} are distinct elements of EZ(α,β). Clearly, h1 6= h
′
1, h2 6= h
′
2 and h
−1
1 h
′
1 =
gg′−1 = h−12 h
′
2 which imply |Sα| < 12, a contradiction. 
The following corollary follows from Theorem 4.2 and Lemma 3.6.
Corollary 4.3. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a non-zero element of F[G] such that αβ = 0. If s ∈ ∆
i
(α,β) and
s′ ∈ ∆jαβ such that s 6= s
′ and i, j ∈ {2, 3, 4}, then |V(α,β)(s) ∩ V(α,β)(s
′)| ≤ 1.
Lemma 4.4. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a non-zero element of F[G] such that αβ = 0. If the maximum
degree of Z(α, β) is 5, then the number of vertices of degree 5 in Z(α, β) is a multiple of 6.
Proof. Since the maximum degree of Z(α, β) is 5, Remark 4.1 implies ∆3(α,β) 6= ∅ and ∆
4
(α,β) = ∅.
According to hypothesis and part (1) of Lemma 3.6, for each s ∈ ∆3(α,β), there exist 3 vertices of degree
5 in Z(α, β). On the other hand, according to part (3) of Lemma 3.6, if s and s′ are distinct elements of
∆3(α,β), then V(α,β)(s)∩V(α,β)(s
′) = ∅. Hence, the number of vertices of degree 5 in Z(α, β) is a multiple
of 3. The result follows from this fact that the number of vertices with odd degree in each graph is
even. 
Suppose that Γ is a zero divisor graph or a unit graph on a pair of elements (α, β) in F[G] for a
possible torsion-free group G and arbitrary field F such that |supp(α)| = 4. To verify if a given graph
Γ0 can not be appeared as a subgraph of Γ one may do as follows: Let m be the number of edges of Γ0.
Then for each edge e of Γ0, there is a relation as hege = h
′
eg
′
e, where ge, g
′
e ∈ supp(β) are the endpoints
of e and some distinct he, h
′
e ∈ supp(α). Therefore, for each edge of Γ0, there are 12 possible relations
as above according to how one chooses a pair (he, h
′
e) of distinct elements of supp(α). Hence there are
12m systems of relations as follows:
(4.1) RelC(Γ0) :
{
hege = h
′
eg
′
e
for all e ∈ EΓ0
,
where C runs through the set of all 12m choices of the pairs (he, h
′
e). Now fix one of the systems of
relations RelC(Γ0). Take an arbitrary edge e0 of Γ0 and consider the following new relations:
(4.2) Rel′C(Γ0) :
{
h−1e0 hege = h
−1
e0
h′eg
′
e
for all e ∈ EΓ0
.
Now consider the group G with presentation
〈
h−1e0 supp(α) |Rel
′
C(Γ0)
〉
. According to Lemma 2.7, h−1e0 α
and βg−1, where g ∈ supp(β), are non-zero elements of G and h−1e0 αβg
−1 = 0. Therefore,
• if G is abelian, then we get a contradiction e.g. by Theorem 26.2 of [17],
• if G is a quotient group of BS(1, n)1, then we get a contradiction e.g. by Remark 3.17 of [1],
1For integers m and n, the Baumslag-Solitar group BS(m,n) is the group given by the presentation
〈
a, b | bamb−1 = an
〉
.
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• if G has a non-trivial torsion element, then since G is a torsion-free group we get a contradiction.
Of course, it is clear that the number of such systems is high even for a graph with a small number of
edges. By using GAP [9] and some of the techniques described in Appendixs 9 and 10, we have reduced
the number of such systems.
Theorem 4.5. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a mate of α. Then Z(α, β) contains no subgraph isomorphic to
one of the graphs in Figure 1, where each vertex of the subgraph has degree 4 in Z(α, β), and the graph
in Figure 2, where the degree of white vertices of the subgraph in Z(α, β) must be 5.
We refer the reader to Appendix 9 to see details of the proof of Theorem 4.5.
Theorem 4.6. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4
and β be a mate of α. If |Sα| = 12, then Z(α, β) contains a 4-regular subgraph.
Proof. Suppose that |supp(β)| = n. If ∆4(α,β) = ∅, then Remark 4.1 implies degZ(α,β)(g) = 4 for all
g ∈ supp(β) and there is nothing to prove. Now, suppose that ∆4(α,β) 6= ∅. Let B = {K[s] | s ∈ ∆
4
(α,β)}
and Bg = {K[s] ∈ B | g ∈ V(α,β)(s)} for all g ∈ supp(β). By part (3) of Lemma 3.6, |Bg| = θ4(g) and by
Corollary 4.3, if K[s] and K[s′] are distinct elements of Bg, then V(α,β)(s) ∩ V(α,β)(s
′) = {g}. Now, let
H be a subgraph of Z(α, β) obtained by deleting edges of EZ(α,β) as follows: For each K[s] ∈ B, remove
all edges of K[s] except two non-adjacent edges. Note that H is not unique and as above, for every
K[s] by deleting edges from Z(α, β), the degree of each vertex g ∈ V(α,β)(s) is reduced by 2. According
to above description, for each g ∈ supp(β), degH(g) = degZ(α,β)(g) − 2θ4(g). Thus, Remark 4.1 implies
that H is isomorphic to a 4-regular graph. This completes the proof. 
The following corollary follows from Theorem 4.6.
Corollary 4.7. If any 4-regular graph with n vertices is a forbidden subgraph of any zero divisor graph
of length 4 over F2 and on the torsion-free group G. Then |supp(β)| 6= n.
The following remark follows from Lemma 3.4 and Lemma 2.11 of [1]:
Remark 4.8. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4 and b be a mate of a. Then U(a, b) is connected and every vertex of U(a, b) has degree
3, 4, . . . or 12. Also, the number of vertices of degree 3 in U(a, b) is at most 1.
Theorem 4.9. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4, |Sa| = 12 and b be an element of F[G] such that ab = 1. Then U(a, b) is the induced
subgraph of the Cayley graph of G with respect to Sa on the set supp(b).
Proof. The proof is similar to the proof of Theorem 4.2. 
The following corollary follows from Theorem 4.9 and Lemma 3.7.
Corollary 4.10. Suppose that a is a unit in F[G] for a possible torsion-free group G and arbitrary
field F with |supp(a)| = 4, |Sa| = 12 and b is an element of F[G] such that ab = 1. If s ∈ ∆
i
(a,b) and
s′ ∈ ∆j(a,b) such that s 6= s
′ and i, j ∈ {2, 3, 4}, then |V(a,b)(s) ∩ V(a,b)(s
′)| ≤ 1.
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Theorem 4.11. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F such
that |supp(a)| = 4, |Sa| = 12 and b be an element of F[G] such that ab = 1. Then U(a, b) contains no
subgraph isomorphic to one of the graphs in Figure 1, where each vertex of the subgraph has degree 4 in
U(a, b).
In Appendix 9, we give details of the proof of Theorem 4.11.
5. Zero divisor and unit graphs of lengths 4 over an arbitrary field and on any
torsion-free group, where |Sα| = 10 and |Sa| = 10
Lemma 5.1. Suppose that α is a zero divisor in F[G] for a possible torsion-free group G and arbitrary
field F with |supp(α)| = 4, |Sα| = 10 and β is a mate of α. Then one of the following cases occurs:
(i) There exists α′ ∈ F[G] with supp(α′) = {1, x, x−1, y}, where x, y are distinct non-trivial elements
of G, such that Z(α, β) ∼= Z(α′, β).
(ii) There exists α′ ∈ F[G] with supp(α′) = {1, x, y, xy}, where x, y are distinct non-trivial elements
of G, such that Z(α, β) ∼= Z(α′, β).
Furthermore, if F = F2, then the case (i) occurs.
Proof. Since G is neither abelian [17, Theorem 26.2] nor isomorphic to the Klein bottle group (see
Remark 2.1), in view of Remark 3.8 and Lemma 2.3, we may assume that supp(α) is one of the sets
{1, x, x−1, y}, {1, x, x2, y}, {1, x, xy−1x, y} or {1, x, xy, y}, where x, y are distinct non-trivial elements of
G. By [1, Lemma 2.4 ], if supp(α) is one of the sets {1, x, x2, y} or {1, x, xy−1x, y}, then it is sufficient
that replacing α by x−1α. Suppose that F = F2. If supp(α) = {1, x, xy, y}, then αβ = (1+x)(1+y)β = 0
contradicting [18, Theorem 2.1]. This completes the proof. 
Lemma 5.2. Suppose that a is a unit in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(a)| = 4, |Sa| = 10 and b is a mate of a. Then one of the following cases occurs:
(i) There exist a′, b′ ∈ F[G] such that supp(a′) = {1, x, x−1, y}, where x, y are distinct non-trivial
elements of G, and U(a, b) ∼= U(a′, b′).
(ii) There exist a′, b′ ∈ F[G] such that supp(a′) = {1, x, y, xy}, where x, y are distinct non-trivial
elements of G, and U(a, b) ∼= U(a′, b′).
Proof. Since G is neither abelian [17, Theorem 26.2] nor isomorphic to the Klein bottle group (see
Remark 2.1), in view of Remark 3.9 and Lemma 2.3, we may assume that supp(a) is one of the sets
{1, x, x−1, y}, {1, x, x2, y}, {1, x, xy−1x, y} or {1, x, xy, y}, where x, y are distinct non-trivial elements of
G. By [1, Lemma 2.10 ], if supp(a) is one of the sets {1, x, x2, y} or {1, x, xy−1x, y}, then it is sufficient
that replacing a and b by x−1a and bx, respectively. This completes the proof. 
Remark 5.3. Suppose that Γ is a graph. For each e ∈ EΓ, denote the set of its endpoints by E(e) and
for each v ∈ VΓ, let MΓ(v) :=
{
{e, e′} ⊆ EΓ | e 6= e
′, E(e) = E(e′), v ∈ E(e) ∩ E(e′)
}
.
Let Γ be a zero divisor graph or a unit graph on a pair of elements (α, β) in a group algebra of a
possible torsion-free group G and arbitrary field F such that |supp(α)| = 4, |Sα| = 10 and β be a mate
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of α. Let g and g′ be two vertices of Γ which are adjacent by more than one edge and A =
{
e ∈
EΓ |E(e) = {g, g
′}
}
. Hence, for each ei ∈ A, there exist distinct elements hi, h
′
i ∈ supp(α) such that
{(hi, h
′
i, g, g
′), (h′i, hi, g
′, g)} ∈ EΓ and gg
′−1 = hi
−1h′i. Obviously, if ei, ej are distinct elements of A, then
(hi, h
′
i) 6= (hj , h
′
j) and hi
−1h′i = hj
−1h′j ∈ Sα.
By Lemmas 5.1 and 5.2, we may assume that supp(α) is one of the sets {1, x, x−1, y} or {1, x, y, xy},
where x, y are distinct non-trivial elements of G. Firstly, suppose that supp(α) = {1, x, x−1, y}. Thus,
it follows from Table 1 that |A| = 2 and if A = {e1, e2}, then
{(h1, h
′
1), (h2, h
′
2
−1
)} ∈
{
{(1, x), (x−1, 1)}, {(1, x−1), (x, 1)}
}
.
Now, suppose that supp(α) = {1, x, y, xy}. Then it follows from Table 1 that |A| = 2 and if A = {e1, e2},
then {(h1, h
′
1), (h2, h
′
2
−1)} ∈
{
{(1, y), (x, xy)}, {(xy, x), (y, 1)}
}
.
According to above argument, we have the following remarks:
Remark 5.4. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 10 and β be a mate of α. Then Z(α, β) is a multigraph with the following
properties:
(i) If g, g′ are distinct vertices of Z(α, β), then
∣∣{e ∈ EZ(α,β) |E(e) = {g, g′}}| ≤ 2.
(ii) For each vertex g of Z(α, β), |MZ(α,β)(g)| ≤ 2.
Remark 5.5. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4, |Sa| = 10 and b be a mate of a. Then U(a, b) is a multigraph with the following properties:
(i) If g, g′ are distinct vertices of U(a, b), then
∣∣{e ∈ EU(a,b) |E(e) = {g, g′}}| ≤ 2.
(ii) For each vertex g of U(a, b), |MU(a,b)(g)| ≤ 2.
Theorem 5.6. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field
F with |supp(α)| = 4, |Sα| = 10 and β be a mate of α. Then for each integer number n ≥ 3, Z(α, β)
contains no subgraph isomorphic to the graph in Figure 4.
Proof. Suppose that Z(α, β) contains a cycle as Figure 4. By Lemma 5.1, we may assume that supp(α)
is one of the sets {1, x, x−1, y} or {1, x, xy, y}, where x, y are distinct non-trivial elements of G. Firstly,
suppose that supp(α) = {1, x, x−1, y}. According to above discussion, since g1 is adjacent to each of the
vertices g2 and gn by two edges, by renumbering, we may assume that g1 = xg2 and xg1 = gn. Then we
must have g2 = xg3, . . . , gn−1 = xgn. Hence, g1g2
−1g2g3
−1 · · · gn−1gn
−1gng1
−1 = xn = 1 contradicting
G is a torsion-free group. Similarly, if supp(α) = {1, x, y, xy}, then without loss of generality we may
assume that g1 = yg2, g2 = yg3, . . . , gn−1 = ygn and gn = yg1. So, g1g2
−1g2g3
−1 · · · gn−1gn
−1gng1
−1 =
yn = 1 contradicting G is a torsion-free group. This completes the proof. 
The following corollary follows from Lemma 3.6 and Theorem 5.6.
Corollary 5.7. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 10 and β be a mate of α. If s ∈ ∆
i
(α,β) and s
′ ∈ ∆j
(α,β)
such that s 6= s′ and
i, j ∈ {3, 4}, then |V(α,β)(s) ∩ V(α,β)(s
′)| ≤ 2.
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Theorem 5.8. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4, |Sa| = 10 and b be a mate of a. Then for each integer number n ≥ 3, U(a, b) contains no
subgraph isomorphic to the graph in Figure 4.
Proof. The proof is similar to the proof of Theorem 5.6. 
The following corollary follows from Lemma 3.7 and Theorem 5.8.
Corollary 5.9. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4, |Sa| = 10 and b be a mate of a. If s ∈ ∆
i
(a,b) and s
′ ∈ ∆j(a,b) such that s 6= s
′ and
i, j ∈ {3, 4}, then |V(a,b)(s) ∩ V(a,b)(s
′)| ≤ 2.
The following simple lemma is useful.
Lemma 5.10. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field
F with supp(α) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, β be a mate of
α, B = supp(α) and C = supp(β). If g is a vertex of Z(α, β) such that |MZ(α,β)(g)| = 2, then
rBC(g) ∈ {3, 4} and {g, xg, x
−1g} ⊆ V(α,β)(g). Moreover, if F = F2, then |MZ(α,β)(g)| = 2 if and only if
rBC(g) = 4.
Proof. Since |MZ(α,β)(g)| = 2, there exist distinct elements g
′, g′′ ∈ C \ {g} such that g = xg′ and g =
x−1g′′. Therefore, {(1, g), (x, x−1g), (x−1, xg)} ⊆ RBC(g) and so Definition 2.2 leads to rBC(g) ∈ {3, 4}.
If F = F2, then αβ =
∑
x∈BC rBC(x)x = 0 which implies rBC(x) ∈ {2, 4} for all x ∈ BC. Hence, it
follows from the first part of lemma that if |MZ(α,β)(g)| = 2, then rBC(g) = 4. Now, suppose that
rBC(g) = 4. Then there exist pairwise distinct elements g
′, g′′ and g¯ of C \ {g} such that RBC(g) =
{(1, g), (x, g′), (x−1, g′′), (y, g¯)} and therefore g is adjacent to each of the vertices g′ and g′′ by two edges.
Hence, |MZ(α,β)(g)| = 2. This completes the proof. 
Remark 5.11. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field
F with supp(α) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and β be a mate of
α. In view of Remark 4.1 and Lemma 5.10, if g is a vertex of degree 4 in Z(α, β), then two cases hold:
(i) |MZ(α,β)(g)| = 0; (ii) |MZ(α,β)(g)| = 1. More precisely, we shall speak of a vertex of degree 4 of
type (j) if the vertex satisfies in the condition (j) as above (j being i or ii).
Theorem 5.12. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field
F with supp(α) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and β be a mate of
α. Then Z(α, β) contains no subgraph isomorphic to one of the graphs in Figures 6 and 3, where the
degrees of the vertex g, white and gray vertices of any subgraph in Z(α, β) must be 5, 4 and 4 of type
(ii), respectively.
We refer the reader to Appendix 10 to see details of the proof of Theorem 5.12.
Theorem 5.13. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
supp(a) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and b be a mate of a. Then
U(a, b) contains no subgraph isomorphic to one of the graphs in Figure 7, where the degrees of gray and
white vertices of any subgraph in U(a, b) must be 3 and 4, respectively.
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Γ1 Γ2 Γ3
g
Γ4
g
Γ5
g
Γ6
Figure 6. Some forbidden subgraphs of Z(α, β), where supp(α) = {1, x, x−1, y} and
the degrees of the vertex g and gray vertices of any subgrph in Z(α, β) must be 5 and 4
of type (ii), respectively.
In Appendix 10, we give details of the proof of Theorem 5.13.
(a) (b) (c)
Figure 7. Three forbidden subgraphs of U(a, b), where supp(a) = {1, x, x−1, y} and
the degrees of white and gray vertices of any subgraph in U(a, b) must be 3 and 4,
respectively.
Remark 5.14. Suppose that a is a unit in F[G] for a possible torsion-free group G and arbitrary field
F with supp(a) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and b is a mate of a.
Let B = supp(a), C = supp(b) and g be a vertex of U(a, b). By the same argument as Lemma 5.10, it
can be seen that if |MU(a,b)(g)| = 2, then rBC(g) ∈ {3, 4} and {g, xg, x
−1g} ⊆ V(a,b)(g).
6. Zero divisors whose supports are of size 4 in group algebras of torsion-free groups
Throughout this section let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary
field F with |supp(α)| = 4 and β be a mate of α. It is known that |supp(β)| > 2 [18, Theorem 2.1]. In
this section we will show that |supp(β)| ≥ 7.
Let G be a group and B,C be two finite subsets of G. Then |BC| ≥ |B|+ |C| − 1 [3]. The extremal
sets in the inequality are characterized in the following theorem:
Theorem 6.1 ([12]). Let G be a group and B,C be two subsets of G such that min{|B|, |C|} ≥ 2
and |BC| = |B| + |C| − 1. Then the subsets B and C have the form B = {b, bq, . . . , bql−1} and
C = {c, qc, . . . , qk−1c}, where b, c, q ∈ G and q 6= 1.
Theorem 6.2 (The main result of [10]). Let C be a finite generating subset of a nonabelian torsion-free
group G such that 1 ∈ C. Then for all B ⊂ G with |B| ≥ 4, |BC| ≥ |B|+ |C|+ 1.
Let B = supp(α), C = supp(β). In view of Remark 3.8, we may assume that C is a generating set of
G and 1 ∈ B ∩C. Since G is not abelian [17, Theorem 26.2], Theorem 6.2 implies |BC| ≥ |B|+ |C|+1.
Since αβ = 0, we must have
∑
(h,g)∈RBC(x)
αhβg = 0 for all x ∈ BC. Hence, rBC(x) ≥ 2 and by
Definition 2.2, rBC(x) ∈ {2, 3, 4} for all x ∈ BC. So, |BC| ≤ 2|C| because if there is an integer number
i ≥ 1 such that |BC| ≤ 2|C| − i, then by Definition 2.11, δ3(α,β) + 2δ
4
(α,β) = −2i, a contradiction. Thus,
we have the following:
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Remark 6.3. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4 and β be a mate of α. Then |supp(β)| + 5 ≤ |supp(α)supp(β)| ≤ 2|supp(β)|. Also,
according to Definition 2.11, δ2(α,β) + δ
3
(α,β) + δ
4
(α,β) = |supp(α)supp(β)| and 2 δ
2
(α,β) + 3δ
3
(α,β) + 4δ
4
(α,β) =
4|supp(β)|.
Lemma 6.4. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4 and β be a mate of α. Then |supp(β)| ≥ 6.
Proof. By Remark 6.3, it is clear that |C| ≥ 5. Suppose that |C| = 5, then Remark 6.3 implies |BC| = 10
and rBC(x) = 2 for each x ∈ BC. Hence, if we let α
′ =
∑
h∈B h and β
′ =
∑
g∈C g, then α
′, β′ ∈ F2[G]
and α′β′ = 0 contradicting [18, Theorem 1.3 ]. This completes the proof. 
Theorem 6.5. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with supp(α) = {1, x, y, xy}, where x, y are distinct non-trivial elements of G, and β be a mate of α.
Then |supp(α)supp(β)| ≤ 2|supp(β)| − 2.
Proof. Let B = supp(α) and C = supp(β). Since α1
−1αβ = 0, where α1 ∈ F\{0} , we may assume that
α = 1 + λx+ γy + δxy, where γ, λ, δ ∈ F \ {0}. Note that if δ = λγ, then αβ = (1 + λx)(1 + γy)β = 0
contradicting [18, Theorem 2.1]. Hence, F 6= F2. It is clear that BC = {1, x}{1, y}C. Let H = C ∪ yC
and |C ∩ yC| = t. We will show that t ≥ 4. As discussed in the beginning of this section, rBC(a) ∈
{2, 3, 4} for all a ∈ BC. Firstly, we show that for each a ∈ C ∩ yC,
(6.1) max{rBC(a), rBC (xa)} ≥ 3.
Suppose that rBC(a) = 2, rBC(xa) = 2 and RBC(a) = {(1, g), (y, g
′)} which imply RBC(xa) =
{(x, g), (xy, g′)}. Then βg + γβg′ = 0 and λβg + δβg′ = 0 which imply δ = λγ that is a contradiction.
Hence, 6.1 holds. Now suppose that a ∈ (H∪xH)\(H∩xH). Since rBC(a) ≥ 2, if a ∈ H, then a ∈ C∩yC
and if a ∈ xH, then x−1a ∈ C∩yC. Therefore, we can define a map f : (H∪xH)\(H∩xH) −→ C∩yC
such that for each a ∈ (H ∪ xH) \ (H ∩ xH),
f(a) =
{
a a ∈ H
x−1a a ∈ xH
.
Let us show that f is injective. Indeed, f(a) = f(a′) and a 6= a′ would imply either a ∈ H and
a′ ∈ xH or a′ ∈ H and a ∈ xH. Without loss of generality, let f(a) = a and f(a′) = x−1a′. Since
a, a′ /∈ H ∩ xH, rBC(a) = 2 and rBC(a
′) = 2 leads to rBC(xa) = 2 contradicting 6.1. Then if we let
s = |(H ∪ xH) \ (H ∩ xH)}|, then 0 ≤ s ≤ t. On the other hand, Theorem 6.1 implies:
(6.2) |BC| = |{1, x}H| ≥ 2 + |H|.
Now, since |BC| = |H|+ s2 , by 6.2, s ≥ 4 which leads to t ≥ 4.
Clearly, if ∆3(α,β) = ∅, then for each a ∈ BC, rBC(a) ∈ {2, 4} and thus if we let α
′ =
∑
b∈B b and
β′ =
∑
c∈C c, then α
′, β′ ∈ F2[G] and α
′β′ = 0 that is a contradiction. On the other hand, 6.1 implies
that if ∆4αβ = ∅, then δ
3
(α,β) ≥ t and therefore δ
3
(α,β) ≥ 4. By Remark 6.3, |BC| ≤ 2|C| and if |BC| = 2|C|
or |BC| = 2|C| − 1, then either ∆3(α,β) = ∅ or δ
3
(α,β) = 2 and ∆
4
(α,β) = ∅ that are contradictions. Then
|BC| ≤ 2|C| − 2. This completes the proof. 
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6.1. The size of supp(β) must be at least 7. By Lemma 2.8, |Sα| ∈ {10, 12}. At first we show that if
|Sα| = 12, then |supp(β)| 6= 6 . Suppose that |Sα| = 12 and |supp(β)| = 6. So, Remark 4.1 and Lemma
4.2 imply that Z(α, β) is a simple and connected graph with 6 vertices of degree 4 or 5. According to
Lemma 4.4, Z(α, β) is isomorphic to a 4-regular graph or a 5-regular graph. It can be seen that the
number of non-isomorphic 4-regular graphs with 6 vertices is 1. This graph contains the graph K1,2,2
in Figure 1 as a subgraph. Also, the number of non isomorphic 5-regular graphs with 6 vertices is 1.
This graph contains the graph in Figure 2 as a subgraph. Therefore, according to above discussion and
Lemma 6.4 and Theorem 4.5, we have the following theorem:
Theorem 6.6. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a mate of α. Then the size of the vertex set of Z(α, β) is at least
7.
The following corollary immediately follows from Theorem 6.6.
Corollary 6.7. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a mate of α. Then |supp(β)| ≥ 7.
Now, suppose that |Sα| = 10. By Lemma 5.1, we may assume that supp(α) is one of the sets
{1, x, y, xy} or {1, x, x−1, y}, where x, y are distinct non-trivial elements of G. Combining Remark 6.3
and Theorem 6.5, we obtain the following corollary.
Corollary 6.8. Let α be a zero divisor in F[G] for a possible torsion-free group G with supp(α) =
{1, x, y, xy}, where x, y are distinct non-trivial elements of G, and β be a mate of α. Then |supp(β)| ≥ 7.
Now, suppose that supp(α) = {1, x, x−1, y} and |supp(β)| = 6. Remark 6.3 implies that |BC| ∈
{11, 12} and also if |BC| = 12, then δ2(α,β) = 12, δ
3
(α,β) = 0, δ
4
(α,β) = 0 and if |BC| = 11, then
either δ2(α,β) = 10, δ
3
(α,β) = 0, δ
4
(α,β) = 1 or δ
2
(α,β) = 9, δ
3
(α,β) = 2, δ
4
(α,β) = 0. As discussed before, if
∆3(α,β) = ∅, then for each a ∈ BC, rBC(a) ∈ {2, 4} and thus if we let α
′ =
∑
b∈B b and β
′ =
∑
c∈C c,
then α′, β′ ∈ F2[G] and α
′β′ = 0 contradicting [18, Theorem 1.3]. Hence, it is enough consider the
case that δ2(α,β) = 9, δ
3
(α,β) = 2 and δ
4
(α,β) = 0. Suppose that ∆
3
(α,β) = {s, s
′}. By Corollary 5.7,
|V(α,β)(s) ∩ V(α,β)(s
′)| ≤ 2. Then one of the following cases holds:
(i) |V(α,β)(s) ∩ V(α,β)(s
′)| = 0: Hence, C = V(α,β)(s) ∪ V(α,β)(s
′). Part (1) of Lemma 3.6 implies
degZ(α,β)(g) = 5 for all g ∈ C. Clearly, there are at least two distinct elements g1, g2 ∈ V(α,β)(s)
such that s /∈ {g1, g2}. So, Lemma 5.10 implies that |MZ(α,β)(g1)| ≤ 1 and |MZ(α,β)(g2)| ≤ 1.
Thus, there exist g, g′ ∈ V(α,β)(s
′) and g¯, g˜ ∈ V(α,β)(s
′) such that g1 ∼ g, g1 ∼ g
′, g2 ∼ g¯ and
g2 ∼ g˜. Clearly, |{g, g
′} ∩ {g¯, g˜}| ≥ 1. It is easy to see that if {g, g′} = {g¯, g˜}, then Z(α, β)
includes both graphs Γ4 and Γ6 in Figure 6 and if |{g, g
′} ∩ {g¯, g˜}| = 1, then Z(α, β) includes
the graph Γ5 in Figure 6 as a subgraph which give contradictions.
(ii) |V(α,β)(s) ∩ V(α,β)(s
′)| = 1: Suppose that V(α,β)(s) ∩ V(α,β)(s
′) = {g¯} and C \ (V(α,β)(s) ∪
V(α,β)(s
′)) = {g}. By Remark 4.1, degZ(α,β)(g¯) = 6, degZ(α,β)(g) = 4 and degZ(α,β)(g
′) = 5
for all g′ ∈ (V(α,β)(s) ∪ V(α,β)(s
′)) \ {g¯}. It follows from Remark 5.11 that g is adjacent to
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at least three distinct vertices in Z(α, β). Consider two cases: (1) g¯ ∼ g: Clearly in this
case Z(α, β) contains the first graph of Figure 3 as a subgraph, a contradiction; (2) g¯ ≁ g:
So |MZ(α,β)(g¯)| = 2. Thus, by Lemma 5.10, g¯ ∈ {s, s
′}. Without loss of generality, we may
assume that g¯ = s. So, Lemma 5.10 implies that |MZ(α,β)(g1)| ≤ 1 and |MZ(α,β)(g2)| ≤ 1,
where {g1, g2} = V(α,β)(s) \ {g¯}. Therefore, for each i ∈ {1, 2} there are two distinct vertices in
{g′1, g
′
2, g} such that gi is adjacent to each of them, where {g
′
1, g
′
2} = V(α,β)(s
′) \ {g¯}. If there is
i ∈ {1, 2} such that gi ∼ g
′
1 and gi ∼ g
′
2, then clearly Z(α, β) contains the graph Γ4 in Figure
6 as a subgraph, a contradiction. Hence, g1 ∼ g and g2 ∼ g and therefore Z(α, β) contains the
first graph of Figure 3 as a subgraph, a contradiction.
(iii) |V(α,β)(s) ∩ V(α,β)(s
′)| = 2: Suppose that V(α,β)(s) ∩ V(α,β)(s
′) = {g1, g2} and C \ (V(α,β)(s) ∪
V(α,β)(s
′)) = {g, g′}. By Remark 4.1, g and g′ are vertices of degree 4 in Z(α, β) and if V(α,β)(s)\
{g1, g2} = {g
′
1} and V(α,β)(s
′) \ {g1, g2} = {g
′
2}, then degZ(α,β)(g
′
1) = 5 and degZ(α,β)(g
′
2) = 5.
Also, according to part (2) of Lemma 3.6 and our discussion in Section 5, {s, s′} = {g1, g2}
and therefore Lemma 5.10 implies |MZ(α,β)(g
′
1)| ≤ 1 and |MZ(α,β)(g
′
2)| ≤ 1. Thus, there are
two distinct vertices in {g′2, g, g
′} such that g′1 is adjacent to each of them and there are two
distinct vertices in {g′1, g, g
′} such that g′2 is adjacent to each of them. If g
′
1 ∼ g
′
2, then clearly
Z(α, β) contains the graph Γ6 in Figure 6 as a subgraph, a contradiction. Thus, g
′
1 ∼ g, g
′
1 ∼ g
′,
g′2 ∼ g and g
′
2 ∼ g
′. Therefore, Z(α, β) contains the second graph of Figure 3 as a subgraph, a
contradiction.
According to above argument, we have the following theorem:
Theorem 6.9. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field F
with supp(α) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and β be a mate of α.
Then the size of the vertex set of Z(α, β) is at least 7.
The following corollary follows from Theorem 6.9.
Corollary 6.10. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field
F with supp(α) = {1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and β be a mate of
α. Then |supp(β)| ≥ 7.
Theorem 6.11. Let α be a zero divisor in F[G] for a possible torsion-free group G and arbitrary field
F with |supp(α)| = 4 and β be a mate of α, then |supp(β)| ≥ 7.
Proof. The result follows from Lemmas 2.8, 5.1 and Corollaries 6.7, 6.8 and 6.10. 
7. Units whose supports are of size 4 in group algebras of torsion-free groups
Throughout this section let a be a unit in F[G] for a possible torsion-free group G and arbitrary field
F with |supp(a)| = 4 and b be a mate of a. It is known that |supp(b)| > 2 [6, Theorem 4.2]. In this
section we will show that |supp(b)| ≥ 6.
Let B = supp(a), C = supp(b). In view of Remark 3.9, we may assume that C is a generating set of G
and 1 ∈ B ∩ C. Since G is not abelian [17, Theorem 26.2], Theorem 6.2 implies |BC| ≥ |B|+ |C|+ 1.
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Since ab = 1, we must have 1 ∈ BC,
∑
(h,g)∈RBC (1)
αhβg = 1 and
∑
(h,g)∈RBC (x)
αhβg = 0 for all
x ∈ BC \ {1}. Therefore, by Definition 2.2, rBC(1) ∈ {1, 2, . . . , n} and rBC(x) ∈ {2, 3, . . . , n} for all
x ∈ BC \ {1}. According to above discussion and Definition 2.11, δ1(a,b) + δ
2
(a,b) + δ
3
(a,b) + δ
4
(a,b) = |BC|
and δ1(a,b) +2δ
2
(a,b) +3δ
3
(a,b) + 4δ
4
(a,b) = 4|C|, where δ
1
(a,b) ∈ {0, 1}. So, if there is an integer number i ≥ 1
such that |BC| = 2|C|+ i, then δ3(a,b) + 2δ
4
(a,b) < 0, a contradiction. Hence, |BC| ≤ 2|C|. The following
remark follows from above discussion.
Remark 7.1. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4 and b be a mate of a. Then |supp(b)|+5 ≤ |supp(a)supp(b)| ≤ 2|supp(b)|. Also, according
to Definition 2.11, δ1(a,b)+ δ
2
(a,b)+ δ
3
(a,b)+ δ
4
(a,b) = |supp(a)supp(b)| and δ
1
(a,b)+2δ
2
(a,b)+3δ
3
(a,b)+4δ
4
(a,b) =
4|supp(b)|, where δ1(a,b) ∈ {0, 1}.
Remark 7.2. Note that F2[G] has no unit with support of size 4. Suppose, for a contradiction, that a is
a unit in F2[G] with |supp(a)| = 4 and b is a mate of a. ab =
∑
x∈BC rBC(x)x = 1 implies that 1 ∈ BC,
rBC(1) ∈ {1, 3} and rBC(x) ∈ {2, 4} for all x ∈ BC \ {1}, where B = supp(a) and C = supp(b). Hence,
by Definition 2.11, i+ 2δ2(a,b) + 4δ
4
(a,b) = 4|C|, where i ∈ {1, 3}, a contradiction.
The following lemma follows from Remark 7.1.
Lemma 7.3. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4 and b be a mate of a. Then |supp(b)| ≥ 5.
Theorem 7.4. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F such that
supp(a) = {1, x, y, xy}, where x, y are distinct non-trivial elements of G, and b be a mate of a. Then
|supp(a)supp(b)| ≤ 2|supp(b)| − 1.
Proof. Let B = supp(a) and C = supp(b). Replacing a by α1
−1
a and b by bα1, we may assume that
a = 1 + λx + γy + δxy, where γ, λ, δ ∈ F \ {0}. Note that if δ = λγ, then ab = (1 + λx)(1 + γy)b = 1
contradicting [6, Theorem 4.2]. By Remark 7.1, |BC| ≤ 2|C| and if |BC| = 2|C|, then two cases hold:
(1) δ2(a,b) = 2|C| and δ
i
(a,b) = 0 for all i ∈ {1, 3, 4}; (2) δ
2
(a,b) = 2|C| − 2, δ
1
(a,b) = 1, δ
3
(a,b) = 1 and
δ4(a,b) = 0. If the case (1) holds, then if we let a
′ =
∑
h∈B h and b
′ =
∑
g∈C g, then a
′, b′ ∈ F2[G] and
a
′
b
′ = 0 contradicting [18, Theorem 2.1]. Hence, the case (2) holds. In other words, if |BC| = 2|C|,
then rBC(1) = 1 and there exists s ∈ BC such that rBC(s) = 3 and rBC(m) = 2 for all m ∈ BC \{1, s}.
Let H = C ∪ yC and |C ∩ yC| = t. By the same argument as in the proof of 6.1, it can be seen that for
each z ∈ C ∩ yC,
(7.1) max{rBC(z), rBC (xz)} ≥ 3.
Clearly, if ∆3(a,b) 6= ∅, then t ≥ 1. Thus, by 7.1, if |BC| = 2|C|, then t = 1.
Now, suppose that z ∈ (H ∪xH)\ ({1}∪ (H ∩xH)). Since rBC(z) ≥ 2, if z ∈ H, then z ∈ C ∩ yC and if
z ∈ xH, then x−1z ∈ C∩yC. Therefore, we can define a map f : (H∪xH)\({1}∪(H∩xH)) −→ C∩yC
such that for each z ∈ (H ∪ xH) \ ({1} ∪ (H ∩ xH)),
f(z) =
{
z z ∈ H
x−1z z ∈ xH
.
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By a similar argument as in the proof of Theorem 6.5, it can be seen that f is injective and also it
follows from Theorem 6.1 that t ≥ 3 and therefore |BC| 6= 2|C|. This completes the proof. 
The size of supp(b) must be at least 6. By Lemma 2.10, |Sa| ∈ {10, 12}. At first suppose that
|Sa| = 12. If |supp(b)| = 5. Then by Remark 4.8 and Lemma 4.9 and since the number of vertices with
odd degree in each graph is even, U(a, b) is isomorphic to the complete graph with 5 vertices. This
graph contains the graph K1,1,3 in Figure 1 as a subgraph contradicting Theorem 4.11. Thus, we have
the following theorem:
Theorem 7.5. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4, |Sa| = 12 and b be a mate of a. Then the size of the vertex set of U(a, b) is at least 6.
The following corollary follows from Theorem 7.5.
Corollary 7.6. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4, |Sa| = 12 and b be a mate of a. Then |supp(b)| ≥ 6.
Now, suppose that |Sa| = 10. By Lemma 5.2, we may assume that supp(a) is one of the sets
{1, x, y, xy} or {1, x, x−1, y}, where x, y are distinct non-trivial elements of G. By Remark 7.1 and
Theorem 7.4, we have the following result:
Theorem 7.7. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
supp(a) = {1, x, y, xy}, where x and y are distinct non-trivial elements of G, and b be a mate of a.
Then |supp(b)| ≥ 6.
Now, suppose that supp(a) = {1, x, x−1, y}, where x and y are distinct non-trivial elements of G,
and |supp(b)| = 5. By Remark 7.1, |BC| = 10 and we have two cases to consider: (1) δ2(a,b) = 10
and δi(a,b) = 0 for all i ∈ {1, 3, 4}; (2) δ
2
(a,b) = 8, δ
1
(a,b) = 1, δ
3
(a,b) = 1 and δ
4
(a,b) = 0. If the case
(1) holds, then if we let a¯ =
∑
h∈B h and b¯ =
∑
g∈C g, then a¯, b¯ ∈ F2[G] and a¯b¯ = 0 contradicting
Theorem 6.11. Hence, the case (2) holds. Suppose that ∆3(a,b) = {s} and RBC(1) = {(a
′, b′)}. At
first suppose that b′ /∈ V(a,b)(s). Let {g
′} = C \ (V(a,b)(s) ∪ {b
′}). According to the proof of Lemma
3.4, degU(a,b)(b
′) = 3, degU(a,b)(g
′) = 4 and degU(a,b)(g) = 5 for all g ∈ V(a,b)(s). It is clear that if
b′ ∼ g for all g ∈ V(a,b)(s), then U(a, b) contains the subgraph (a) in Figure 7, a contradiction. Hence,
there exists g ∈ V(a,b)(s) such that g ≁ b
′. So, |MU(a,b)(g)| = 2 and therefore by Remark 5.14, g = s,
V(a,b)(g) = {g, xg, x
−1g} and |MU(a,b)(g¯)| = 1 for each g¯ ∈ {xg, x
−1g}. On the other hand, if b′ ∼ g′,
then U(a, b) contains the subgraph (a) in Figure 7, a contradiction. Thus, we must have b′ ≁ g′,
|MU(a,b)(b
′)| = 1 and |MU(a,b)(g
′)| = 1. So, {g′, b′} = {x2g, x−2g} and therefore G is a cyclic group
contradicting [17, Theorem 26.2].
Now, suppose that b′ ∈ V(a,b)(s). Let {g
′
1, g
′
2} = C \V(a,b)(s) and {g1, g2} = V(a,b)(s)\{b
′}. According to
the proof of Lemma 3.4, degU(a,b)(b
′) = 4, degU(a,b)(g
′
i) = 4 and degU(a,b)(gi) = 5 for each i ∈ {1, 2}. If
|MU(a,b)(gi)| = 1 for each i ∈ {1, 2}, then U(a, b) contains the subgraph (b) in Figure 7, a contradiction.
Hence, we may assume that |MU(a,b)(g1)| = 2. So, by Remark 5.14, |MU(a,b)(b
′)| = 1 and |MU(a,b)(g2)| =
1. With this conditions, we must have |MU(a,b)(g
′
i)| = 1 for each i ∈ {1, 2} and g
′
1 ∼ g
′
2. Since there exists
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Total K1,1,3 K1,2,2 Γ1 Γ2 Γ3 Γ4 Γ5 Γ6 Γ7
n = 5 1 1 0 0 0 0 0 0 0 0
n = 6 1 0 1 0 0 0 0 0 0 0
n = 7 2 1 0 0 0 0 1 0 0 0
n = 8 6 1 0 0 1 2 0 1 0 1
n = 9 16 3 1 1 0 1 0 2 0 1
Table 2. Existence of the forbidden subgraphs in the non-isomorphic connected 4-
regular graphs.
i ∈ {1, 2} such that b′ ∼ g′i and g2 is adjacent to all vertices in U(a, b), U(a, b) contains the subgraph
(c) in Figure 7, a contradiction. According to above discussion, we have the following theorem:
Theorem 7.8. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
supp(a) = {1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and b be a mate of a.
Then the size of the vertex set of U(a, b) is at least 6.
Corollary 7.9. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
supp(a) = {1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and b be a mate of a.
Then |supp(b)| ≥ 6.
Theorem 7.10. Let a be a unit in F[G] for a possible torsion-free group G and arbitrary field F with
|supp(a)| = 4 and b be a mate of a, then |supp(b)| ≥ 6.
Proof. The result follows from Lemmas 2.10, 5.2 and Corollaries 7.6, 7.7 and 7.9. 
8. The zero divisor graph of length 4 over F2 and on torsion-free groups
Throughout this section, let α be a zero divisor in F2[G] for a possible torsion-free group G with
|supp(α)| = 4, β be a mate of α, B = supp(α) and C = supp(β). It is known that |C| ≥ 8 [18, Theorem
1.3]. In this section, we improve the latter to |C| ≥ 9. By Lemma 2.8, Sα ∈ {10, 12}. In the sequel, we
consider the size of the vertex set of Z(α, β) in each of the cases Sα = 12 and Sα = 10.
8.1. The size of the vertex set of Z(α, β), where |Sα| = 12. Theorem 4.2 and Remark 4.1 imply
that if |Sα| = 12 and |C| = n, then Z(α, β) is a simple and connected graph with n vertices such that the
degree of each vertex in Z(α, β) is 4, 6, 8, 10 or 12. Also, Corollary 4.7 implies that it is sufficient that
we study all non-isomorphic connected 4-regular graphs with n vertices. We obtain all non-isomorphic
connected 4-regular graphs when n < 10. In Table 2, we give all results about the existence of the
forbidden subgraphs (see Figure 1) in the non-isomorphic connected 4-regular graphs with n vertices,
where n ∈ {5, 6, 7, 8, 9}. The entry (n,Γ) of Table 2, where n ∈ {5, 6, 7, 8, 9} and Γ is one of the
graphs K1,1,3,K1,2,2,Γ1,Γ2,Γ3,Γ4,Γ5,Γ6,Γ7, shows the number of graphs of order n having a subgraph
isomorphic to Γ. The following theorem follows from the results in Table 2 and Theorem 4.6.
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Figure 8. Possible 4-regular subgraphs occuring in a zero divisor graph of length 4 with
9 vertices over F2.
Theorem 8.1. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4,
|Sα| = 12 and β be a mate of α. Then the size of the vertex set of Z(α, β) is at least 9. Moreover, if the
size of the vertex set of Z(α, β) is 9, then Z(α, β) contains a subgraph isomorphic to one of the graphs
in Figure 8.
8.2. The zero divisor graph Z(α, β), where |Sα| = 10. According to Remark 5.4, if |Sα| = 10, then
Z(α, β) is a multigraph such that every pair of its vertices are adjacent by at most two edges and for
each g ∈ supp(β), 0 ≤ |MZ(α,β)(g)| ≤ 2. By Lemma 5.1, we may assume that supp(α) = {1, x, x
−1, y},
where x and y are distinct non-trivial elements of G, and therefore if {(h1, h
′
1, g, g
′), (h′1, h1, g
′, g)} and
{(h2, h
′
2, g, g
′), (h′2, h2, g
′, g)} are distinct elements of EZ(α,β), then
{(h1, h
′
1), (h2, h
′
2
−1
)} ∈
{
{(1, x), (x−1, 1)} or {(1, x−1), (x, 1)}
}
.
Therefore we may say that multiple edges in the zero divisor graph are “corresponding” to x or x−1
whenever |Sα| = 10 and each of these edges gives an equivalent equality xg1 = g2 or g1 = x
−1g2, where
g1 and g2 are endpoints of the multiple edges. So we may replace these multiple edges by one edge, as
we do in the following:
Definition 8.2. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4,
|Sα| = 10 and β be a mate of α. Let Z(α, β) be the graph obtained from Z(α, β) by replacing multiple
edges by a single edge. Clearly, Z(α, β) is a simple and connected graph.
Lemma 8.3. The degree of each vertex of Z(α, β) is 3, 4, 5, 6, 7, 8 or 10.
Proof. According to Remarks 4.1 and 5.4 and Definition 8.2, the degree of each vertex of Z(α, β) is
2, 3, . . . , 11 or 12. Therefore, it is sufficient that we prove degZ(α,β)(g) /∈ {2, 9, 11, 12} for all g ∈ supp(β).
By Lemma 5.1, we may assume that supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial
elements of G.
Suppose that g ∈ supp(β). It follows from Remark 4.1 and Lemma 5.10 that if degZ(α,β)(g) = 4, then
|MZ(α,β)(g)| ≤ 1. So, degZ(α,β)(g) 6= 2. By Remark 4.1, if g is a vertex of degree 10 or 12, then
1 ∈ Θ4(g). Hence, Lemma 5.10 implies that |MZ(α,β)(g)| = 2. Thus, degZ(α,β)(g) /∈ {9, 11, 12}. This
completes the proof. 
Remark 8.4. Let α be a zero divisor in F2[G] for a possible torsion-free group G with supp(α) =
{1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and β be a mate of α. Suppose
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that s ∈ ∆4(α,β). Obviously, V(α,β)(s) = {s, x
−1s, xs, y−1s}. Also, the following statements follow from
Remark 4.1 and Lemma 5.10:
- degZ(α,β)(s) is even and degZ(α,β)(g) ≥ 5 for all g ∈ {xs, x
−1s, y−1s}.
- If the degrees of xs and x−1s in Z(α, β) are even, then degZ(α,β)(s) ∈ {8, 10}.
In the sequel, we study the properties of vertices with different degrees in Z(α, β). Note that by
Lemma 5.1, we may assume that supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial elements
of G. Let g be a vertex in Z(α, β) such that degZ(α,β)(g) = n.
Clearly, if n = 3, then degZ(α,β)(g) = 4 and |MZ(α,β)(g)| = 1. If n = 4, then one of the following cases
occurs:
(i): degZ(α,β)(g) = 4 and |MZ(α,β)(g)| = 0. Hence, Remark 4.1 implies θ4(g) = 0.
(ii): degZ(α,β)(g) = 6 and |MZ(α,β)(g)| = 2. So, by Remark 4.1 and Lemma 5.10, Θ4(g) = {1}.
More precisely, we shall speak of a vertex of degree 4 of type (j) in Z(α, β) if the vertex satisfies in the
condition (j) in the above list (j being i or ii).
The following remark follows from above discussion, Lemma 3.6 and Remark 8.4.
Remark 8.5. If g is a vertex of degree 4 of type (ii) in Z(α, β), then there exists exactly an element
s ∈ ∆4(α,β) such that g ∈ V(α,β)(s). Moreover, the degrees of all vertices of K[s] \ {g} are greater than
or equal to 5 in Z(α, β) and K[s] has at least two vertices with odd degrees in Z(α, β). Also, if g is a
vertex of degree 3 or 4 of type (i) in Z(α, β), then g /∈ V(α,β)(s) for all s ∈ ∆
4
(α,β).
Lemma 8.6. If 2 vertices of degree 4 in Z(α, β) are adjacent, then at least one of them is of type (i).
Proof. Suppose that g and g′ are 2 vertices of degree 4 in Z(α, β) such that g ∼ g′. If g and g′ are of
type (ii), then Θ4(g) = {1} = Θ4(g
′) and therefore g′ /∈ {x−1g, xg, y−1g} and g /∈ {x−1g′, xg′, y−1g′}.
Hence, we must have yg = yg′, a contradiction. 
Now suppose that n = 5. Hence, degZ(α,β)(g) = 6 and |MZ(α,β)(g)| = 1. Thus, by Remarks 4.1 and
8.4 and Lemma 5.10 we have the following:
Remark 8.7. If g is a vertex of degree 5 in Z(α, β), then there exists exactly an element s ∈ ∆4(α,β)
such that g ∈ V(α,β)(s). Moreover, K[s] has at least a vertex with even degree and at least three vertices
of degree greater than 4 in Z(α, β). Also, if the degrees of all vertices of V(α,β)(s) \ {g} in Z(α, β) are
even, then the degrees of all vertices of K[s] must be greater than 4 in Z(α, β).
The following lemma follows from Remark 8.7.
Lemma 8.8. Z(α, β) is not isomorphic to any 5-regular graph.
If n = 6, then one of the following cases occurs:
(a) : degZ(α,β)(g) = 6 and |MZ(α,β)(g)| = 0. Hence, by Remark 4.1, θ4(g) = 1. Note that in this case
Θ4(g) = {y} since otherwise |MZ(α,β)(g)| ≥ 1.
(b) : degZ(α,β)(g) = 8 and |MZ(α,β)(g)| = 2. So, it follows from Remark 4.1 and Lemma 5.10 that in
this case Θ4(g) is one of the sets {1, x}, {1, x
−1} or {1, y}.
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Combining Lemma 5.10, Remark 8.4 and above discussion, we have the following:
Remark 8.9. If g is a vertex of degree 6 in Z(α, β), then exactly one of the following holds:
(i) There exists exactly an element s ∈ ∆4(α,β) such that g ∈ V(α,β)(s). Moreover, K[s] has at
least three vertices of degree greater than 4 in Z(α, β) and if the degrees of all vertices of K[s] in
Z(α, β) are even, then K[s] must have a vertex of degree 8 or 10 in Z(α, β) (this case corresponds
to the above case (a) ).
(ii) There exist exactly two distinct elements s, s′ ∈ ∆4(α,β) such that g ∈ V(α,β)(s) ∩ V(α,β)(s
′).
Moreover, |V(α,β)(s) ∩ V(α,β)(s
′)| = 1, the degrees of all vertices of K[s] in Z(α, β) are greater
than 4 and K[s] has at least two vertices with odd degrees in Z(α, β). Also, K[s′] has at least three
vertices of degree greater than 4 in Z(α, β) and if the degrees of all vertices of K[s′] in Z(α, β)
are even, then K[s′] must have a vertex of degree 8 or 10 in Z(α, β) (this case corresponds to
the above case (b), where Θ4(g) = {1, y}).
(iii) There exist exactly two distinct elements s, s′ ∈ ∆4(α,β) such that g ∈ V(α,β)(s) ∩ V(α,β)(s
′).
Moreover, |V(α,β)(s) ∩ V(α,β)(s
′)| = 2, the degrees of all vertices of K[s] and K[s′] in Z(α, β)
are greater than 4 and if {g′} = (V(α,β)(s) ∩ V(α,β)(s
′)) \ {g}, then degZ(α,β)(g
′) must be even.
Also, K[s] has exactly two vertices with odd degrees and if the degrees of all vertices of K[s′] in
Z(α, β) are even, then degZ(α,β)(g
′) ∈ {8, 10} (this case corresponds to the above case (b), where
Θ4(g) ∈
{
{1, x}, {1, x−1}
}
).
The following lemma follows from Remark 8.9:
Lemma 8.10. Z(α, β) is not isomorphic to any 6-regular graph.
If n = 7, then degZ(α,β)(g) = 8 and |MZ(α,β)(g)| = 1. Thus, by Remark 4.1, θ4(g) = 2 and by Lemma
5.10, 1 /∈ Θ4(g). Therefore, Θ4(g) 6= {x, x
−1} since otherwise 1 ∈ Θ4(g). Hence, Θ4(g) is one of the sets
{y, x−1} or {x, y}.
The following remark follows from Remark 8.4 and above discussion.
Remark 8.11. If g is a vertex of degree 7 in Z(α, β), then there exist exactly two distinct elements
s, s′ ∈ ∆4(α,β) such that g ∈ V(α,β)(s) ∩ V(α,β)(s
′). Moreover, |V(α,β)(s) ∩ V(α,β)(s
′)| = 1, each of the K[s]
and K[s′] has at least three vertices of degree greater than 4 and at least a vertex with even degree in
Z(α, β). Also, if the degrees of all vertices in V(α,β)(s) \ {g} in Z(α, β) are even, then K[s] must have
a vertex of degree 8 or 10 in Z(α, β).
The following Lemma directly follows from Remark 8.11.
Lemma 8.12. Z(α, β) is not isomorphic to any 7-regular graph.
If n = 8, then one of the following cases occurs:
(i): degZ(α,β)(g) = 8 and |MZ(α,β)(g)| = 0. Hence, Remark 4.1 implies θ4(g) = 2. Since |MZ(α,β)(g)| =
0, Θ4(g) does not contain any elements of {1, x, x
−1} and therefore this case is impossible.
(ii): degZ(α,β)(g) = 10 and |MZ(α,β)(g)| = 2. According to Lemma 5.10 and Remark 4.1, 1 ∈ Θ4(g)
and θ4(g) = 3. So, Θ4(g) is one of the sets {1, x, x
−1}, {1, x−1, y} or {1, y, x}.
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g g′ g′ g
Figure 9. Some forbidden subgraphs of Z(α, β), where the degrees of vertices g and g′
of any subgraph in Z(α, β) must be 4 of type (ii) and 5, respectively.
If n = 10, then one of the following cases occurs:
(i): degZ(α,β)(g) = 10 and |MZ(α,β)(g)| = 0. Hence, Remark 4.1 implies θ4(g) = 3. Since |MZ(α,β)(g)| =
0, Θ4(g) does not contain any elements of {1, x, x
−1} and therefore this case is impossible.
(ii): degZ(α,β)(g) = 12 and |MZ(α,β)(g)| = 2. So, Remark 4.1 implies Θ4(g) = supp(α).
Theorem 8.13. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4,
|Sα| = 10, and β be a mate of α. Then Z(α, β) does not contain any subgraph isomorphic to one of the
graphs in Figure 9, where the degrees of vertices g and g′ of any subgraph in Z(α, β) must be 4 of type
(ii) and 5, respectively.
We refer the reader to Appendix 10 to see details of the proof of Theorem 8.13.
8.3. The size of the vertex set of Z(α, β), where |Sα| = 10. According to Remark 5.11 and our
discussion in this section, g is a vertex of degree 4 of type (i) and (ii) in Z(α, β) if and only if g is a
vertex of degree 4 of type (i) and 3 in Z(α, β), respectively. So, the following Theorem follows from
Theorem 5.12.
Theorem 8.14. Let α be a zero divisor in F2[G] for a possible torsion-free group G such that |supp(α)| =
4, |Sα| = 10 and β be a mate of α. Then Z(α, β) does not contain any subgraph isomorphic to one of
the graphs Γ1,Γ2 and Γ3 in Figure 6 and all graphs in Figure 3, where the degrees of gray and white
vertices in any subgraph in Z(α, β) must be 3 and 3 or 4 of type (i), respectively.
Remark 8.15. If Z(α, β) has a vertex of degree |supp(β)| − 1 and a vertex of degree 3 or 4 of type (i),
then clearly Z(α, β) contains a subgraph isomorphic to the first graph in Figure 3 that is a contradiction.
Suppose that α is a zero divisor in F2[G] for a possible torsion-free group G with supp(α) =
{1, x, x−1, y}, where x, y are distinct non-trivial elements of G, and β is a mate of α. Let B = supp(α),
C = supp(β), |C| = n. We know that for each a ∈ BC, rBC(a) ∈ {2, 4}. So, by Remark 6.3, we have
the following statements:
- n+ 5 ≤ |BC| ≤ 2n.
- If |BC| = 2n, then rBC(a) = 2 for all a ∈ BC and therefore the degrees of all vertices in Z(α, β)
are 3 or 4 of type (i).
- If |BC| = 2n− i, where i is an integer number greater than or equal to 1, then δ4(α,β) = i.
Note that in the sequel, we apply repeatedly Remarks 4.1, 8.4 and the explanations that are given about
the vertices of different degrees in Z(α, β) in this section, with out referring.
Suppose that |BC| = 2n−1 and ∆4(α,β) = {a}. Thus, a is a vertex of degree 4 of type (ii) in Z(α, β), the
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degrees of vertices xa, x−1a in Z(α, β) are 5 and degZ(α,β)(y
−1a) ∈ {5, 6}. Also, for each g ∈ C\V(α,β)(a),
g is a vertex of degree 3 or 4 of type (i) in Z(α, β). In other words, if |BC| = 2|C| − 1, then Z(α, β)
must have n− 3 vertices of degree 3 or 4 and either 3 vertices of degree 5 or 2 vertices of degree 5 and
a vertex of degree 6.
Now, suppose that |BC| = 2|C| − 2. Then there exist distinct elements a, a′ ∈ BC such that ∆4(α,β) =
{a, a′}. Let S = V(α,β)(a) ∩ V(α,β)(a
′). By Corollary 5.7, |S| ≤ 2.
Suppose that n = 7 and |BC| = 2|C| − 2. Clearly, |S| 6= 0. If |S| = 1, then we must have a = y−1a′.
Hence, degZ(α,β)(x
−1a′) = 5 and therefore there exist two distinct vertices in V(α,β)(a) \ {a} such that
x−1a′ is adjacent to each of them. So, Z(α, β) contains the second graph in Figure 9, a contradiction.
Then, |S| = 2. Thus, according to part (2) of Lemma 3.6, either a = xa′ and x−1a = a′ or a = x−1a′
and xa = a′. Therefore, Z(α, β) has a vertex of degree 6 and a vertex of degree 3 or 4 of type (i)
contradicting Remark 8.15.
Suppose that n = 8 and |BC| = 2|C| − 2. Clearly, if |S| = 0, then a and a′ are of degree 4 of type (ii)
in Z(α, β), degZ(α,β)(g) = 5 for all g ∈ {xa, x
−1a, xa′, x−1a′} and y−1a, y−1a′ are vertices of degree 5
or 6 in Z(α, β). If |S| = 1, then two different cases hold: (1) S = {a} (resp. S = {a′}): Then a = y−1a′
(resp. a′ = y−1a) since otherwise |S| = 2. Therefore, the degree of a (resp. a′) in Z(α, β) is 6, a′ (resp.
a) is a vertex of degree 4 of type (ii) in Z(α, β), degZ(α,β)(g) = 5 for all g ∈ {xa, x
−1a, xa′, x−1a′} and
y−1a (resp. y−1a′) is of degree 5 or 6 in Z(α, β). Also, the degree of g ∈ C \ (V(α,β)(a) ∪ V(α,β)(a
′)) in
Z(α, β) is 3 or 4 of type (i); (2) a /∈ S and a′ /∈ S: Then we have y−1a = x−1a′, y−1a = xa′, y−1a′ = xa
or y−1a′ = x−1a since otherwise δ4(α,β) > 2. It is clear that in this case the degree of g ∈ S in Z(α, β) is
7 and the degree of g′ ∈ C \ (V(α,β)(a)∪V(α,β)(a
′)) in Z(α, β) is 3 or 4 of type (i) contradicting Remark
8.15. If |S| = 2, then by the same discussion about similar conditions for n = 7, Z(α, β) has 2 vertices
of degree 3 or 4, 2 vertices of degree 6, 2 vertices of degree 5 and 2 vertices of degree 5 or 6.
Now, suppose that n = 8 and |BC| = 2|C| − 3. Then there exist distinct elements a, a′, a′′ ∈ BC
such that ∆4(α,β) = {a, a
′, a′′}. Let A1 = V(α,β)(a), A2 = V(α,β)(a
′) and A3 = V(α,β)(a
′′). By inclusion-
exclusion principle, |A1 ∪ A2 ∪ A3| = 12 − |A1 ∩ A2| − |A1 ∩ A3| − |A2 ∩ A3| + |A1 ∩ A2 ∩ A3| ≤ 8. It
follows from Lemma 5.7 that |Ai ∩ Aj| ≤ 2 for each pair (i, j) of distinct elements of {1, 2, 3}. Note
that if g ∈ A1 ∩ A2 ∩ A3, then θ4(g) = 3 which implies degZ(g) > 7, a contradiction. On the other
hand, if |Ai ∩Aj | = 2 and |Ai ∩Ak| = 2, where {i, j, k} = {1, 2, 3}, then there exists g ∈ A1 ∩A2 ∩A3,
a contradiction. So, without loss of generality we may assume that |A1 ∩ A2| = 2, |A1 ∩ A3| = 1,
|A2 ∩ A3| = 1, |A1 ∩ A2 ∩ A3| = 0 and a = xa
′, x−1a = a′. Let us show that it is impossible that
A1 ∩ A3 = {xa} and A2 ∩ A3 = {x
−1a′}. Suppose that xa ∈ A1 ∩ A3. It is clear that xa 6= xa
′′. On
the other hand, if xa = a′′, then contradicting |A1 ∩A2 ∩A3| = 0 and if xa = x
−1a′′, then δ4(α,β) > 3, a
contradiction. Hence, xa = y−1a′′. Similarly, if A2 ∩ A3 = {x
−1a′}, then x−1a′ = y−1a′′ which implies
|A1 ∩A2 ∩A3| = 1, a contradiction. Obviously, ya = hg, yx
−1a = h′g′, where g, g′ are distinct elements
of {x−1a′′, xa′′, y−1a′′} and h, h′ ∈ {1, x, x−1}. If xa = y−1a′′ (resp. x−1a′ = y−1a′′), then y−1a′ = a′′
(resp. y−1a = a′′) and therefore according to above discussion in this case Z(α, β) has a vertex of
degree 7, 4 vertices of degree 6 and 3 vertices of degree 5. Now, suppose that A1 ∩ A3 = {y
−1a} and
A2 ∩ A3 = {y
−1a′}. Then according to before discussion a′′ ∈ {y−1a, y−1a′} and therefore in this case
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Z(α, β) has a vertex of degree 7, 4 vertices of degree 6 and 3 vertices of degree 5. The following remark
follows from above discussion.
Lemma 8.16. Let α be a zero divisor in F2[G] for a possible torsion-free group G such that |supp(α)| =
4, |Sα| = 10 and β be a mate of α. Then the following items hold:
(i) If |supp(β)| = 6, then either the degree of all vertices in Z(α, β) is 3 or 4 or the degree sequence
(i.e., non-increasing sequence of degrees) of Z(α, β) is [5, 5, 5, 4, 4, 3].
(ii) If |supp(β)| = 7, then either the degree of all vertices in Z(α, β) is 3 or 4 or the degree sequence
of Z(α, β) is [6, 5, 5, 4, 4, 3, 3], [6, 5, 5, 4, 4, 4, 4], [5, 5, 5, 4, 3, 3, 3] or [5, 5, 5, 4, 4, 4, 3].
(iii) If |supp(β)| = 8, then either the degree of all vertices in Z(α, β) is 3 or 4 or the degree se-
quence of Z(α, β) is [6, 5, 5, 4, 3, 3, 3, 3], [6, 5, 5, 4, 4, 4, 3, 3], [6, 5, 5, 4, 4, 4, 4, 4], [5, 5, 5, 4, 4, 3, 3, 3],
[5, 5, 5, 4, 4, 4, 4, 3], [6, 6, 5, 5, 5, 5, 4, 4], [5, 5, 5, 5, 5, 5, 4, 4], [6, 5, 5, 5, 5, 5, 4, 3], [6, 6, 6, 6, 5, 5, 4, 4],
[6, 6, 6, 6, 5, 5, 3, 3], [6, 6, 6, 5, 5, 5, 4, 3], [6, 6, 5, 5, 5, 5, 3, 3] or [7, 6, 6, 6, 6, 5, 5, 5].
It can be seen that the number of all non-isomorphic connected graphs with 7 and 8 vertices which
satisfy Lemma 8.16 is 51 and 567, respectively. We checked all of these graphs, it follows from Theorems
8.14, 8.13 and Remarks 8.7, 8.9 and 8.11 that Z(α, β) is not isomorphic to any of these graphs. Then,
by above discussion and Theorem 6.11 we have the following theorem:
Theorem 8.17. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |Supp(α)| = 4,
|Sα| = 10 and β be a mate of α. Then the size of the vertex set of Z(α, β) is at least 9.
8.4. The size of supp(β) must be equal or greater than 9. The following corollary directly follows
from Theorem 8.1.
Corollary 8.18. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4,
|Sα| = 12 and β be a mate of α. Then |supp(β)| ≥ 9.
The following corollary follows immediately from Theorem 8.17.
Corollary 8.19. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4,
|Sα| = 10 and β be a mate of α. Then |supp(β)| ≥ 9.
Combining Lemma 2.8 and Corollaries 8.18 and 8.19, we obtain the following theorem:
Theorem 8.20. Let α be a zero divisor in F2[G] for a possible torsion-free group G with |supp(α)| = 4
and β be a mate of α. Then |supp(β)| ≥ 9.
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9. Appendix
In Theorems 4.5 and 4.11, we determine some graphs as forbidden subgraphs of Z(α, β) and U(α, β), where
|Sα| = 12, without details. In this section we give details about finding these graphs. Before we do this, we need
some explanation which are stated below.
In this section, let α be a zero divisor or a unit in F[G] for a possible torsion free group G and arbitrary field F
with |supp(α)| = 4, |Sα| = 12 and β be a mate of α. By Remarks 3.8 and 3.9, we may assume that 1 ∈ supp(α)
and G = 〈supp(α)〉 = 〈supp(β)〉. Since G is not abelian [17, Theorem 26.2] or isomorphic to the Klein bottle
group (see Remark 2.1), Theorem 2.3 implies the following:
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Remark 9.1. Let α be a zero divisor or a unit in F[G] for a possible torsion free group G and arbitrary field F
with |supp(α)| = 4 and |Sα| = 12. If supp(α) = {1, x, y, z}, where x, y, z are pairwise distinct non-trivial elements
of G, then {x, y, z} is not any of sets {a, a−1, b}, {a, a2, b}, {a, b, ab−1a} or {a, b, ab} for some a, b ∈ {x, y, z}.
Suppose that C is a cycle of length n as Figure 10 in Z(α, β) or U(α, β). Suppose further that {g1, . . . , gn} ⊆
supp(β) is the vertex set of C such that gi ∼ gi+1 for all i ∈ {1, . . . , n− 1} and g1 ∼ gn. By an arrangement l of
the vertex set C, we mean a sequence of all vertices as x1, . . . , xk such that xi ∼ xi+1 for all i ∈ {1, . . . , n − 1}
and x1 ∼ xn. Since gi ∼ gi+1 for all i ∈ {1, . . . , n− 1} and g1 ∼ gn for each i ∈ {1, 2, . . . , n}, there exist distinct
gn−2
gn−1
gn
g1 g2
g3
Figure 10. A cycle of length n in Z(α, β) or U(α, β).
elements hi, h
′
i ∈ supp(α) satisfying the following relations:
(9.1) C :


h1g1 = h
′
1g2 → g1g
−1
2 = h
−1
1 h
′
1
h2g2 = h
′
2g3 → g2g
−1
3 = h
−1
2 h
′
2
...
hngn = h
′
ng1 → gng
−1
1 = h
−1
n h
′
n
.
We assign a 2n-tuple T lC = [h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n] to the cycle C corresponding to the above arrangement l
of the vertex set of C. We denote by R(T lC) the above set R of relations. It can be derived from the relations
9.1 that r(T lC) := (h
−1
1 h
′
1)(h
−1
2 h
′
2) . . . (h
−1
n h
′
n) is equal to 1. It follows from Lemmas 4.2 and 4.9 that if T
l′
C is a
2n-tuple of C corresponding to another arrangement l′ of the vertex set of C, then T l
′
C is one of the following
2n-tuples:
[h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n],
[h2, h
′
2, h3, h
′
3, . . . , hn, h
′
n, h1, h
′
1],
[h3, h
′
3, h4, h
′
4, . . . , h1, h
′
1, h2, h
′
2],
...
[hn, h
′
n, h1, h
′
1, . . . , hn−2, h
′
n−2, hn−1, h
′
n−1],
[h′n, hn, h
′
n−1, hn−1, . . . , h
′
2, h2, h
′
1, h1],
...
[h′1, h1, h
′
n, hn, . . . , h3, h
′
3, h2, h
′
2].
The set of all such 2n-tuples will be denoted by T (C). Also, R(T ) = {R(C)|T ∈ T (C)}.
Definition 9.2. Let Γ be a zero divisor graph or a unit graph on a pair of elements (α, β) in F[G] for a possible
torsion free group G and arbitrary field F such that |supp(α)| = 4 and |Sα| = 12. Let C be a cycle of length n in
Γ. Since r(T1) = 1 if and only if r(T2) = 1, for all T1, T2 ∈ T (C), a member of {r(T )|T ∈ T (C)} is given as a
representative and denoted by r(C). Also, r(C) = 1 is called the relation of C.
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H1
g1
g3 g2 g4 K1,1,3
g1 g2
g3 g4 g5 K1,2,2
g2 g3
g4 g5
g1
Figure 11. H1 and two forbidden subgraphs of Z(α, β) and U(α, β) which contains it,
where the degrees of all vertices of any subgraph in Z(α, β) and U(α, β) must be 4.
Definition 9.3. Let Γ be a zero divisor graph or a unit graph on a pair of elements (α, β) in F[G] for a possible
torsion free group G and arbitrary field F such that |supp(α)| = 4 and |Sα| = 12. Let C and C
′ be two cycles of
length n in Γ. We say that these two cycles are equivalent, if T (C)∩T (C′) 6= ∅ and otherwise are non-equivalent.
Remark 9.4. Suppose that C and C′ are two cycles of length n in Γ. Then C and C′ are equivalent if T (C) =
T (C′).
Remark 9.5. Let α be a zero divisor in F[G] for a possible torsion free group G and arbitrary field F with
|supp(α)| = 4 and |Sα| = 12 and β be a mate of α. By Remark 4.1, if g is a vertex of degree 4 in Z(α, β),
then θ3(g) = 0 and θ4(g) = 0. Thus, if C is a cycle of length n on vertices of degree 4 in Z(α, β) and T1 =
[h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n] is a 2n-tuple of C, then h
′
i 6= hi+1 for all i ∈ {1, . . . , n− 1} and h
′
n 6= h1.
Remark 9.6. Let α be a unit in F[G] for a possible torsion free group G and arbitrary field F with |supp(α)| = 4
and |Sα| = 12 and β be a mate of α. Let F = {g|g ∈ VU(α,β), degU (g) = 4}. In view of Proof of Lemma 3.4,
either for each g ∈ F , θ3(g) = 0 and θ4(g) = 0 or there exists g
′ ∈ F such that θ3(g
′) = 1 and θ4(g
′) = 0 and for
each g ∈ F \ {g′}, θ3(g) = 0 and θ4(g) = 0. Hence, if C is a cycle of length n on vertices of degree 4 in U(α, β)
and T1 = [h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n] is a 2n-tuple of C, then h
′
i 6= hi+1 for all i ∈ {1, . . . , n− 1} and h
′
n 6= h1.
Remark 9.7. For integers m and n, the Baumslag-Solitar group BS(m,n) is the group given by the presen-
tation
〈
a, b|bamb−1 = an
〉
. According to [1, Remark 3.17] every torsion-free quotient of BS(1, n) satisfies both
Conjectures 1.1 and 1.2.
Remark 9.8. Let Γ be a graph such that the degree of all its vertices is at most 12 and B be the set of all cycles in
Γ. Let G(Γ) := 〈supp(α)|r(C), C ∈ B〉 . If at least one of the following cases happens, then clearly Γ is a forbidden
subgraph of Z(α, β) and U(α, β):
1. G(Γ) is an abelian group.
3. G(Γ) is a quotient group of BS(1, n).
4. G(Γ) has a non-trivial torsion element.
Proof of Theorems 4.5 and 4.11: Let Γ be a zero divisor graph or a unit graph on a pair of elements (α, β)
in F[G] for a possible torsion free group G and arbitrary field F such that supp(α) = {1, x, y, z}, where x, y, z are
pairwise distinct non-trivial elements of G, and |Sα| = 12. In the sequel, we give details about finding all graphs
in Figure 1 as forbidden subgraphs of Γ.
K1,1,3: Suppose that C is a cycle of length 3 in Γ with the vertex set VC = {g1, g2, g3} ⊂ supp(β) such that
degΓ(g) = 4 for all g ∈ VC . Suppose further that T ∈ T (C) and T = [h1, h
′
1, h2, h
′
2, h3, h
′
3]. Remarks 9.5 and 9.6
imply that h1 6= h
′
1 6= h2 6= h
′
2 6= h3 6= h
′
3 6= h1. Hence, by using GAP [9], it can be seen that there exist 126
non-equivalent cases for T . The relations of such non-equivalent cases are listed in Table 3. Among these cases,
the cases 1, 56, 93, 114, 123, 126 marked by ”*”s in Table 3 lead to contradictions because each of these cases leads
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to G(C) having a non-trivial torsion element. Hence, there are 120 cases which may lead to the existence of C in
Γ.
Table 3. Non-equivalent relations of a cycle of length 3 on vertices of degrees 4 in
Z(α, β) and U(α, β).
1.x3 = 1∗ 2.x2y = 1 3.x2z = 1 4.x2y−1x = 1
5.x2y−1z = 1 6.x2z−1x = 1 7.x2z−1y = 1 8.xy2 = 1
9.xyz = 1 10.xyx−1y = 1 11.xyx−1z = 1 12.xyz−1x = 1
13.xyz−1y = 1 14.xzy = 1 15.xz2 = 1 16.xzx−1y = 1
17.xzx−1z = 1 18.xzy−1x = 1 19.xzy−1z = 1 20.xy−1x−1y = 1
21.xy−1x−1z = 1 22.xy−2x = 1 23.xy−2z = 1 24.xy−1z−1x = 1
25.xy−1z−1y = 1 26.xy−1xy = 1 27.xy−1xz = 1 28.(xy−1)2x = 1
29.(xy−1)2z = 1 30.xy−1xz−1x = 1 31.xy−1xz−1y = 1 32.xy−1zy = 1
33.xy−1z2 = 1 34.xy−1zx−1y = 1 35.xy−1zx−1z = 1 36.xy−1zy−1x = 1
37.x(y−1z)2 = 1 38.xz−1x−1y = 1 39.xz−1x−1z = 1 40.xz−1y−1x = 1
41.xz−1y−1z = 1 42.xz−2x = 1 43.xz−2y = 1 44.xz−1xy = 1
45.xz−1xz = 1 46.xz−1xy−1x = 1 47.xz−1xy−1z = 1 48.(xz−1)2x = 1
49.(xz−1)2y = 1 50.xz−1y2 = 1 51.xz−1yz = 1 52.xz−1yx−1y = 1
53.xz−1yx−1z = 1 54.xz−1yz−1x = 1 55.x(z−1y)2 = 1 56.y3 = 1∗
57.y2z = 1 58.y2x−1y = 1 59.y2x−1z = 1 60.y2z−1x = 1
61.y2z−1y = 1 62.yz2 = 1 63.yzx−1y = 1 64.yzx−1z = 1
65.yzy−1x = 1 66.yzy−1z = 1 67.yx−1yz = 1 68.(yx−1)2y = 1
69.(yx−1)2z = 1 70.yx−1yz−1x = 1 71.yx−1yz−1y = 1 72.yx−1z2 = 1
73.yx−1zx−1y = 1 74.y(x−1z)2 = 1 75.yx−1zy−1x = 1 76.yx−1zy−1z = 1
77.yz−1x−1y = 1 78.yz−1x−1z = 1 79.yz−1y−1x = 1 80.yz−1y−1z = 1
81.yz−2x = 1 82.yz−2y = 1 83.yz−1xz = 1 84.yz−1xy−1x = 1
85.yz−1xy−1z = 1 86.y(z−1x)2 = 1 87.yz−1xz−1y = 1 88.yz−1yz = 1
89.yz−1yx−1y = 1 90.yz−1yx−1z = 1 91.(yz−1)2x = 1 92.(yz−1)2y = 1
93.z3 = 1∗ 94.z2x−1y = 1 95.z2x−1z = 1 96.z2y−1x = 1
97.z2y−1z = 1 98.z(x−1y)2 = 1 99.zx−1yx−1z = 1 100.zx−1yz−1x = 1
101.zx−1yz−1y = 1 102.(zx−1)2y = 1 103.(zx−1)2z = 1 104.zx−1zy−1x = 1
105.zx−1zy−1z = 1 106.z(y−1x)2 = 1 107.zy−1xy−1z = 1 108.zy−1xz−1x = 1
109.zy−1xz−1y = 1 110.zy−1zx−1y = 1 111.zy−1zx−1z = 1 112.(zy−1)2x = 1
113.(zy−1)2z = 1 114.(x−1y)3 = 1∗ 115.(x−1y)2x−1z = 1 116.(x−1y)2z−1y = 1
117.x−1y(x−1z)2 = 1 118.x−1yx−1zy−1z = 1 119.x−1yz−1xy−1z = 1 120.x−1yz−1xz−1y = 1
121.x−1yz−1yx−1z = 1 122.x−1(yz−1)2y = 1 123.(x−1z)3 = 1∗ 124.(x−1z)2y−1z = 1
125.x−1(zy−1)2z = 1 126.(y−1z)3 = 1∗
Now, suppose that C′ is another cycle of length 3 in Γ with vertex set VC′ = {g1, g2, g4} ⊂ supp(β) (i.e., C
and C′ have exactly an edge in common (see the graph H1 of Figure 11)), such that degΓ(g) = 4 for all g ∈ VC′ .
Further suppose that T ′ ∈ T (C′) and T ′ = [h1, h
′
1, t2, t
′
2, t3, t
′
3], where the first two components are related to the
common edge between these cycles. Remarks 9.5 and 9.6 imply that h1 6= h
′
1 6= t2 6= t
′
2 6= t3 6= t
′
3 6= h1, h2 6= t2
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and h′3 6= t
′
3.
Using GAP [9], it can be seen that there are 1006 different cases for the relations of two cycles of length 3 with this
structure. We examined these relations, the cases which lead to contradictions are listed in Table 4. Note that
in Table 4 the column labelled by E shows the structure of G(H1), which leads to a contradiction, r1 and r2 are
the relations of C and C′, respectively, and also we use the symbol T when G(H1) has a non-trivial torsion element.
Table 4. The relations of two cycles of length 3 with a common edge on vertices of
degree 4 in Z(α, β) and U(α, β) which lead to contradictions.
r1, r2 E r1, r2 E
1.x2y = 1, xy−1x−1z = 1 Abelian 2.x2y = 1, xy−2x = 1 T
3.x2y = 1, xy−2z = 1 Abelian 4.x2y = 1, xy−1z−1x = 1 Abelian
5.x2y = 1, xy−1xz = 1 Abelian 6.x2y = 1, (xy−1)2x = 1 T
7.x2y = 1, (xy−1)2z = 1 Abelian 8.x2y = 1, xy−1xz−1x = 1 Abelian
9.x2y = 1, xy−1zy−1x = 1 Abelian 10.x2y = 1, x(y−1z)2 = 1 Abelian
11.x2y = 1, xz−1x−1z = 1 Abelian 12.x2y = 1, xz−1y−1x = 1 Abelian
13.x2y = 1, xz−1y−1z = 1 BS(2,−1) 14.x2y = 1, xz−2x = 1 BS(1,−1)
15.x2y = 1, xz−1xz = 1 BS(1,−1) 16.x2y = 1, xz−1xy−1x = 1 Abelian
17.x2y = 1, xz−1xy−1z = 1 BS(3,−1) 18.x2y = 1, (xz−1)2x = 1 Abelian
19.x2y = 1, xz−1yz = 1 BS(2, 1) 20.x2y = 1, xz−1yx−1z = 1 BS(3, 1)
21.x2z = 1, xy−1x−1y = 1 Abelian 22.x2z = 1, xy−2x = 1 BS(1,−1)
23.x2z = 1, xy−1z−1x = 1 Abelian 24.x2z = 1, xy−1z−1y = 1 BS(2,−1)
25.x2z = 1, xy−1xy = 1 BS(1,−1) 26.x2z = 1, (xy−1)2x = 1 Abelian
27.x2z = 1, xy−1xz−1x = 1 Abelian 28.x2z = 1, xy−1xz−1y = 1 BS(3,−1)
29.x2z = 1, xy−1zy = 1 BS(2, 1) 30.x2z = 1, xy−1zx−1y = 1 BS(3, 1)
31.x2z = 1, xz−1x−1y = 1 Abelian 32.x2z = 1, xz−1y−1x = 1 Abelian
33.x2z = 1, xz−2x = 1 T 34.x2z = 1, xz−2y = 1 Abelian
35.x2z = 1, xz−1xy = 1 Abelian 36.x2z = 1, xz−1xy−1x = 1 Abelian
37.x2z = 1, (xz−1)2x = 1 T 38.x2z = 1, (xz−1)2y = 1 Abelian
39.x2z = 1, xz−1yz−1x = 1 Abelian 40.x2z = 1, x(z−1y)2 = 1 Abelian
41.x2y−1x = 1, xy−1x−1z = 1 Abelian 42.x2y−1x = 1, xy−2z = 1 Abelian
43.x2y−1x = 1, xy−1z−1y = 1 Abelian 44.x2y−1x = 1, xy−1xy = 1 T
45.x2y−1x = 1, xy−1xz = 1 Abelian 46.x2y−1x = 1, (xy−1)2z = 1 Abelian
47.x2y−1x = 1, xy−1xz−1y = 1 Abelian 48.x2y−1x = 1, xy−1zy = 1 Abelian
49.x2y−1x = 1, xy−1z2 = 1 BS(1,−1) 50.x2y−1x = 1, xy−1zx−1y = 1 Abelian
51.x2y−1x = 1, xy−1zx−1z = 1 Abelian 52.x2y−1x = 1, x(y−1z)2 = 1 Abelian
53.x2y−1x = 1, xz−1x−1y = 1 Abelian 54.x2y−1x = 1, xz−1x−1z = 1 Abelian
55.x2y−1x, xz−1y−1z = 1 BS(3, 1) 56.x2y−1x, xz−1xy = 1 Abelian
57.x2y−1x, xz−1xz = 1 BS(1,−1) 58.x2y−1x, xz−1xy−1z = 1 BS(2, 1)
59.x2y−1x, xz−1y2 = 1 Abelian 60.x2y−1x, xz−1yz = 1 BS(3,−1)
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61.x2y−1x, xz−1yx−1y = 1 Abelian 62.x2y−1x, xz−1yx−1z = 1 BS(2,−1)
63.x2y−1x, x(z−1y)2 = 1 Abelian 64.x2y−1z, xy−1x−1y = 1 Abelian
65.x2y−1z, xy−2x = 1 BS(1,−1) 66.x2y−1z, xy−1z−1x = 1 Abelian
67.x2y−1z, xy−1z−1y = 1 Abelian 68.x2y−1z, xy−1xy = 1 BS(1,−1)
69.x2y−1z, (xy−1)2x = 1 Abelian 70.x2y−1z, xy−1xz−1x = 1 Abelian
71.x2y−1z, xy−1xz−1y = 1 Abelian 72.x2y−1z, xy−1zy = 1 Abelian
73.x2y−1z, xy−1zx−1y = 1 T 74.x2y−1z, xy−1zy−1x = 1 T
75.x2y−1z, xz−1x−1y = 1 BS(1, 3) 76.x2y−1z, xz−2x = 1 BS(1,−1)
77.x2y−1z, xz−2y = 1 Abelian 78.x2y−1z, xz−1xy = 1 BS(1,−3)
79.x2y−1z, (xz−1)2x = 1 Abelian 80.x2y−1z, (xz−1)2y = 1 Abelian
81.x2y−1z, xz−1y2 = 1 Abelian 82.x2y−1z, xz−1yx−1y = 1 Abelian
83.x2y−1z, xz−1yz−1x = 1 Abelian 84.x2y−1z, x(z−1y)2 = 1 T
85.x2z−1x, xy−1x−1y = 1 Abelian 86.x2z−1x, xy−1x−1z = 1 Abelian
87.x2z−1x, xy−1z−1y = 1 BS(3, 1) 88.x2z−1x, xy−1xy = 1 BS(1,−1)
89.x2z−1x, xy−1xz = 1 Abelian 90.x2z−1x, xy−1xz−1y = 1 BS(2, 1)
91.x2z−1x, xy−1zy = 1 BS(3,−1) 92.x2z−1x, xy−1z2 = 1 Abelian
93.x2z−1x = 1, xy−1zx−1y = 1 BS(2,−1) 94.x2z−1x = 1, xy−1zx−1z = 1 Abelian
95.x2z−1x = 1, x(y−1z)2 = 1 Abelian 96.x2z−1x = 1, xz−1x−1y = 1 Abelian
97.x2z−1x = 1, xz−1y−1z = 1 Abelian 98.x2z−1x = 1, xz−2y = 1 Abelian
99.x2z−1x = 1, xz−1xy = 1 Abelian 100.x2z−1x = 1, xz−1xz = 1 T
101.x2z−1x = 1, xz−1xy−1z = 1 Abelian 102.x2z−1x, (xz−1)2y = 1 Abelian
103.x2z−1x = 1, xz−1y2 = 1 BS(1,−1) 104.x2z−1x = 1, xz−1yz = 1 Abelian
105.x2z−1x = 1, xz−1yx−1y = 1 Abelian 106.x2z−1x = 1, xz−1yx−1z = 1 Abelian
107.x2z−1x = 1, x(z−1y)2 = 1 Abelian 108.x2z−1y = 1, xy−1x−1z = 1 BS(1, 3)
109.x2z−1y = 1, xy−2x = 1 BS(1,−1) 110.x2z−1y = 1, xy−2z = 1 Abelian
111.x2z−1y = 1, xy−1xz = 1 BS(1,−3) 112.x2z−1y = 1, (xy−1)2x = 1 Abelian
113.x2z−1y = 1, (xy−1)2z = 1 Abelian 114.x2z−1y = 1, xy−1z2 = 1 Abelian
115.x2z−1y = 1, xy−1zx−1z = 1 Abelian 116.x2z−1y = 1, xy−1zy−1x = 1 Abelian
117.x2z−1y = 1, x(y−1z)2 = 1 T 118.x2z−1y = 1, xz−1x−1z = 1 Abelian
119.x2z−1y = 1, xz−1y−1x = 1 T 120.x2z−1y = 1, xz−1y−1z = 1 Abelian
121.x2z−1y = 1, xz−2x = 1 BS(1,−1) 122.x2z−1y = 1, xz−1xz = 1 BS(1,−1)
123.x2z−1y = 1, xz−1xy−1x = 1 Abelian 124.x2z−1y = 1, xz−1xy−1z = 1 Abelian
125.x2z−1y = 1, (xz−1)2x = 1 Abelian 126.x2z−1y = 1, xz−1yz = 1 z = x
127.x2z−1y = 1, xz−1yx−1z = 1 T 128.x2z−1y = 1, xz−1yz−1x = 1 T
129.xy2 = 1, xy−1x−1z = 1 Abelian 130.xy2 = 1, xy−2x = 1 T
131.xy2 = 1, xy−2z = 1 Abelian 132.xy2 = 1, xy−1z−1x = 1 Abelian
133.xy2 = 1, xy−1xz = 1 Abelian 134.xy2 = 1, (xy−1)2x = 1 T
135.xy2 = 1, (xy−1)2z = 1 Abelian 136.xy2 = 1, xy−1xz−1x = 1 Abelian
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137.xy2 = 1, xy−1zy−1x = 1 Abelian 138.xy2 = 1, x(y−1z)2 = 1 BS(1,−1)
139.xy2 = 1, xz−1y−1x = 1 Abelian 140.xy2 == 1, xz−1y−1z = 1 BS(−1, 2)
141.xy2 = 1, xz−1xy−1x = 1 Abelian 142.xy2 = 1, (xz−1)2x = 1 BS(1,−1)
143.xy2 = 1, xz−1yz = 1 BS(1, 2) 144.xyz = 1, xy−1x−1y = 1 Abelian
145.xyz = 1, xy−2x = 1 BS(1,−1) 146.xyz = 1, xy−1z−1x = 1 BS(1,−2)
147.xyz = 1, xy−1xy = 1 BS(1,−1) 148.xyz = 1, (xy−1)2 = 1x Abelian
149.xyz = 1, xy−1zy = 1 BS(1, 2) 150.xyz = 1, xz−1y−1x = 1 T
151.xyz = 1, xz−2x = 1 BS(1,−1) 152.xyz = 1, xz−2y = 1 BS(−2, 1)
153.xyz = 1, xz−1xy = 1 Abelian 154.xyz == 1, xz−1xy−1x = 1 BS(3,−1)
155.xyz = 1, (xz−1)2x = 1 Abelian 156.xyx−1y = 1, xy−1x−1z = 1 BS(1,−1)
157.xyx−1y = 1, xy−2x = 1 T 158.xyx−1y = 1, xy−2z = 1 BS(1,−1)
159.xyx−1y = 1, xy−1z−1x = 1 BS(1,−1) 160.xyx−1y = 1, xy−1xz = 1 BS(1,−1)
161.xyx−1y = 1, (xy−1)2x = 1 T 162.xyx−1y = 1, (xy−1)2z = 1 BS(1,−1)
163.xyx−1y = 1, xy−1xz−1x = 1 BS(1,−1) 164.xyx−1y = 1, xy−1zy−1x = 1 BS(1,−1)
165.xyx−1y = 1, xz−1y−1x = 1 BS(1,−1) 166.xyx−1y = 1, xz−1xy−1x = 1 BS(1,−1)
167.xyx−1z = 1, xy−1x−1y = 1 Abelian 168.xyx−1z = 1, xy−2x = 1 BS(1,−1)
169.xyx−1z = 1, xy−1z−1x = 1 BS(1,−1) 170.xyx−1z = 1, xy−1xy = 1 BS(1,−1)
171.xyx−1z = 1, (xy−1)2x = 1 Abelian 172.xyx−1z = 1, xy−1xz−1x = 1 BS(2,−1)
173.xyx−1z = 1, xz−1y−1x = 1 BS(3, 1) 174.xyx−1z = 1, xz−2x = 1 BS(1,−1)
175.xyx−1z = 1, xz−1xy = 1 BS(1,−1) 176.xyx−1z = 1, xz−1xy−1x = 1 T
177.xyx−1z = 1, (xz−1)2x = 1 Abelian 178.xyz−1x = 1, xy−1x−1y = 1 Abelian
179.xyz−1x = 1, xy−1x−1z = 1 BS(1,−1) 180.xyz−1x = 1, xy−1xy = 1 BS(1,−1)
181.xyz−1x = 1, xy−1xz = 1 BS(3,−1) 182.xyz−1x = 1, x(y−1z)2 = 1 BS(4,−1)
183.xyz−1x = 1, xz−1x−1y = 1 BS(3, 1) 184.xyz−1x = 1, xz−1x−1z = 1 Abelian
185.xyz−1x = 1, xz−1xy = 1 Abelian 186.xyz−1x = 1, xz−1xz = 1 BS(1,−1)
187.xyz−1x = 1, x(z−1y)2 = 1 BS(4, 1) 188.xyz−1y = 1, xy−2x = 1 BS(1,−1)
189.xyz−1y = 1, xy−2z = 1 BS(1,−1) 190.xyz−1y = 1, (xy−1)2x = 1 Abelian
191.xyz−1y = 1, (xy−1)2z = 1 BS(2,−1) 192.xyz−1y = 1, xy−1zy−1x = 1 T
193.xyz−1y = 1, x(y−1z)2 = 1 Abelian 194.xzy = 1, xy−2x = 1 BS(1,−1)
195.xzy = 1, xy−2z = 1 BS(−1, 2) 196.xzy = 1, xy−1z−1x = 1 T
197.xzy = 1, xy−1xz = 1 Abelian 198.xzy = 1, (xy−1)2x = 1 Abelian
199.xzy = 1, xy−1xz−1x = 1 BS(1,−3) 200.xzy = 1, xz−1x−1z = 1 Abelian
201.xzy = 1, xz−1y−1x = 1 BS(1,−2) 202.xzy = 1, xz−2x = 1 BS(1,−1)
203.xzy = 1, xz−1xz = 1 BS(1,−1) 204.xzy = 1, (xz−1)2x = 1 Abelian
205.xzy = 1, xz−1yz = 1 BS(1, 2) 206.xz2 = 1, xy−1z−1x = 1 Abelian
207.xz2 = 1, xy−1z−1y = 1 BS(−1, 2) 208.xz2 = 1, (xy−1)2x = 1 BS(1,−1)
209.xz2 = 1, xy−1xz−1x = 1 Abelian 210.xz2 = 1, xy−1zy = 1 BS(1, 2)
211.xz2 = 1, xz−1x−1y = 1 Abelian 212.xz2 = 1, xz−1y−1x = 1 Abelian
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213.xz2 = 1, xz−2x = 1 T 214.xz2 = 1, xz−2y = 1 Abelian
215.xz2 = 1, xz−1xy = 1 Abelian 216.xz2 = 1, xz−1xy−1x = 1 Abelian
217.xz2 = 1, (xz−1)2x = 1 T 218.xz2 = 1, (xz−1)2y = 1 Abelian
219.xz2 = 1, xz−1yz−1x = 1 Abelian 220.xz2 = 1, x(z−1y)2 = 1 BS(1,−1)
221.xzx−1y = 1, xy−2x = 1 BS(1,−1) 222.xzx−1y = 1, xy−1z−1x = 1 BS(3, 1)
223.xzx−1y = 1, xy−1xz = 1 BS(1,−1) 224.xzx−1y = 1, (xy−1)2x = 1 Abelian
225.xzx−1y = 1, xy−1xz−1x = 1 T 226.xzx−1y = 1, xz−1x−1z = 1 Abelian
227.xzx−1y = 1, xz−1y−1x = 1 BS(1,−1) 228.xzx−1y = 1, xz−2x = 1 BS(1,−1)
229.xzx−1y = 1, xz−1xz = 1 BS(1,−1) 230.xzx−1y = 1, xz−1xy−1x = 1 BS(2,−1)
231.xzx−1y = 1, (xz−1)2x = 1 Abelian 232.xzx−1z = 1, xy−1z−1x = 1 BS(1,−1)
233.xzx−1z = 1, xy−1xz−1x = 1 BS(1,−1) 234.xzx−1z = 1, xz−1x−1y = 1 BS(1,−1)
235.xzx−1z = 1, xz−1y−1x = 1 BS(1,−1) 236.xzx−1z = 1, xz−2x = 1 T
237.xzx−1z = 1, xz−2y = 1 BS(1,−1) 238.xzx−1z = 1, xz−1xy = 1 BS(1,−1)
239.xzx−1z = 1, xz−1xy−1x = 1 BS(1,−1) 240.xzx−1z = 1, (xz−1)2x = 1 z2 = 1
241.xzx−1z = 1, (xz−1)2y = 1 BS(1,−1) 242.xzx−1z = 1, xz−1yz−1x = 1 BS(1,−1)
243.xzy−1x = 1, xy−1x−1y = 1 Abelian 244.xzy−1x = 1, xy−1x−1z = 1 BS(3, 1)
245.xzy−1x = 1, xy−1xy = 1 BS(1,−1) 246.xzy−1x = 1, xy−1xz = 1 Abelian
247.xzy−1x = 1, xz−1x−1y = 1 BS(1,−1) 248.xzy−1x = 1, xz−1x−1z = 1 Abelian
249.xzy−1x = 1, xz−1xy = 1 BS(3,−1) 250.xzy−1x = 1, xz−1xz = 1 BS(1,−1)
251.xzy−1x = 1, x(z−1y)2 = 1 BS(4,−1) 252.xzy−1z = 1, xz−2x = 1 BS(1,−1)
253.xzy−1z = 1, xz−2y = 1 BS(1,−1) 254.xzy−1z = 1, (xz−1)2x = 1 Abelian
255.xzy−1z = 1, (xz−1)2y = 1 BS(2,−1) 256.xzy−1z = 1, xz−1yz−1x = 1 T
257.xzy−1z = 1, x(z−1y)2 = 1 Abelian 258.xy−1x−1y = 1, xz−1y−1x = 1 Abelian
259.xy−1x−1y = 1, xz−1xy−1x = 1 Abelian 260.xy−1x−1z = 1, xz−2x = 1 BS(1,−1)
261.xy−1x−1z = 1, xz−1xy = 1 T 262.xy−1x−1z = 1, (xz−1)2x = 1 Abelian
263.xy−2x = 1, xz−1x−1y = 1 BS(1,−1) 264.xy−2x, xz−1xy BS(1,−1)
265.xy−2x = 1, xz−1y2 = 1 BS(1,−1) 266.xy−2x = 1, xz−1yx−1y = 1 BS(1,−1)
267.xy−2z = 1, xz−1y2 = 1 T 268.xy−2z = 1, xz−1yx−1y = 1 BS(1, 2)
269.xy−2z = 1, x(z−1y)2 = 1 Abelian 270.xy−1z−1 = 1x, xz−1x−1z = 1 Abelian
271.xy−1z−1x = 1, xz−1xy = 1 BS(1,−1) 272.xy−1z−1x = 1, xz−1xz = 1 BS(1,−1)
273.xy−1z−1x = 1, xz−1xy−1z = 1 BS(2, 1) 274.xy−1z−1y = 1, xz−1y−1z = 1 BS(2, 1)
275.xy−1xy = 1, xz−1y−1x = 1 BS(1,−1) 276.xy−1xy = 1, xz−1xy−1x = 1 BS(1,−1)
277.xy−1xz = 1, xz−1x−1y = 1 T 278.xy−1xz = 1, xz−1y−1x = 1 BS(1,−1)
279.xy−1xz = 1, xz−2x = 1 BS(1,−1) 280.xy−1xz = 1, xz−1xy−1x = 1 Abelian
281.xy−1xz = 1, (xz−1)2x = 1 Abelian 282.(xy−1)2x = 1, xz−1x−1y = 1 Abelian
283.(xy−1)2x = 1, xz−1xy = 1 Abelian 284.(xy−1)2x = 1, xz−1xy−1z = 1 BS(1, 2)
285.(xy−1)2x = 1, xz−1y2 = 1 Abelian 286.(xy−1)2x = 1, xz−1yx−1y = 1 Abelian
287.(xy−1)2z = 1, xz−1y2 = 1 BS(1,−2) 288.(xy−1)2z = 1, xz−1yx−1y = 1 T
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289.(xy−1)2z = 1, x(z−1y)2 = 1 Abelian 290.xy−1xz−1x = 1, xz−1x−1y = 1 BS(1,−1)
291.xy−1xz−1x = 1, xz−1x−1z = 1 Abelian 292.xy−1xz−1x,= 1xz−1xy = 1 Abelian
293.xy−1xz−1x = 1, xz−1xz = 1 BS(1,−1) 294.xy−1xz−1x = 1, xz−1yx−1y = 1 BS(2,−1)
295.xy−1xz−1y = 1, xz−1y−1x = 1 BS(2, 1) 296.xy−1xz−1y = 1, (xz−1)2x = 1 BS(1, 2)
297.xy−1xz−1y = 1, xz−1yz = 1 y = z−1x 298.xy−1zy = 1, xz−1xy−1z = 1 z = y−1x
299.xy−1zy = 1, xz−1yz = 1 BS(1, 2) 300.xy−1z2 = 1, xz−2x = 1 BS(1,−1)
301.xy−1z2 = 1, xz−2y = 1 T 302.xy−1z2 = 1, (xz−1)2x = 1 Abelian
303.xy−1z2 = 1, (xz−1)2y = 1 BS(1,−2) 304.xy−1z2 = 1, xz−1y2 = 1 BS(2,−1)
305.xy−1z2 = 1, xz−1yz−1x = 1 BS(2,−1) 306.xy−1z2 = 1, x(z−1y)2 = 1 Abelian
307.xy−1zx−1y = 1, (xz−1)2x = 1 BS(1,−2) 308.xy−1zx−1y = 1, xz−1yz = 1 BS(1, 2)
309.xy−1zx−1y = 1, xz−1yx−1z = 1 y = z−1 310.xy−1zx−1z = 1, xz−2x = 1 BS(1,−1)
311.xy−1zx−1z = 1, xz−2y = 1 BS(1, 2) 312.xy−1zx−1z = 1, xz−1xy−1x = 1 BS(2,−1)
313.xy−1zx−1z = 1, (xz−1)2x = 1 Abelian 314.xy−1zx−1z = 1, (xz−1)2y = 1 T
315.xy−1zx−1z = 1, xz−1yx−1y = 1 y = z−1 316.xy−1zx−1z = 1, xz−1yz−1x = 1 BS(1,−1)
317.xy−1zx−1z = 1, x(z−1y)2 = 1 Abelian 318.xy−1zy−1x = 1, xz−1y2 = 1 BS(2,−1)
319.xy−1zy−1x = 1, xz−1yx−1y = 1 BS(1,−1) 320.xy−1zy−1x = 1, x(z−1y)2 = 1 Abelian
321.x(y−1z)2 = 1, xz−2y = 1 Abelian 322.x(y−1z)2 = 1, (xz−1)2y = 1 Abelian
323.x(y−1z)2 = 1, xz−1y2 = 1 Abelian 324.x(y−1z)2 = 1, xz−1yx−1y = 1 Abelian
325.x(y−1z)2 = 1, xz−1yz−1x = 1 Abelian 326.x(y−1z)2 = 1, x(z−1y)2 = 1 T
327.y2z = 1, (yx−1)2y = 1 Abelian 328.y2z = 1, yx−1yz−1x = 1 BS(3,−1)
329.y2z = 1, yx−1yz−1y = 1 Abelian 330.y2z = 1, yx−1zy−1x = 1 BS(3, 1)
331.y2z = 1, yz−1x−1y = 1 Abelian 332.y2z = 1, yz−1y−1x = 1 Abelian
333.y2z = 1, yz−2x = 1 Abelian 334.y2z = 1, yz−2y = 1 T
335.y2z = 1, y(z−1x)2 = 1 Abelian 336.y2z = 1, yz−1xz−1y = 1 Abelian
337.y2z = 1, yz−1yx−1y = 1 Abelian 338.y2z = 1, (yz−1)2x = 1 Abelian
339.y2z = 1, (yz−1)2y = 1 T 340.y2x−1y = 1, yx−1yz = 1 y = z
341.y2x−1y = 1, (yx−1)2z = 1 Abelian 342.y2x−1y = 1, yx−1yz−1x = 1 Abelian
343.y2x−1y = 1, yx−1z2 = 1 BS(1,−1) 344.y2x−1y = 1, y(x−1z)2 = 1 Abelian
345.y2x−1y = 1, yx−1zy−1x = 1 Abelian 346.y2x−1y = 1, yx−1zy−1z = 1 Abelian
347.y2x−1y = 1, yz−1x−1z = 1 BS(3, 1) 348.y2x−1y = 1, yz−1y−1x = 1 Abelian
349.y2x−1y = 1, yz−1y−1z = 1 Abelian 350.y2x−1y = 1, yz−1xz = 1 BS(3,−1)
351.y2x−1y = 1, yz−1xy−1x = 1 Abelian 352.y2x−1y = 1, yz−1xy−1z = 1 BS(2,−1)
353.y2x−1y = 1, y(z−1x)2 = 1 Abelian 354.y2x−1y = 1, yz−1yz = 1 BS(1,−1)
355.y2x−1y = 1, yz−1yx−1z = 1 BS(2, 1) 356.y2x−1z = 1, (yx−1)2y = 1 Abelian
357.y2x−1z = 1, yx−1yz−1x = 1 Abelian 358.y2x−1z = 1, yx−1yz−1y = 1 Abelian
359.y2x−1z = 1, yx−1zx−1y = 1 T 360.y2x−1z = 1, yx−1zy−1x = 1 Abelian
361.y2x−1z = 1, yz−1y−1x = 1 BS(1, 3) 362.y2x−1z = 1, yz−2x = 1 Abelian
363.y2x−1z = 1, yz−2y = 1 Abelian 364.y2x−1z = 1, yz−1xy−1x = 1 Abelian
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365.y2x−1z = 1, y(z−1x)2 = 1 T 366.y2x−1z = 1, yz−1xz−1y = 1 Abelian
367.y2x−1z = 1, (yz−1)2x = 1 Abelian 368.y2x−1z = 1, (yz−1)2y = 1 Abelian
369.y2z−1x = 1, yx−1yz = 1 BS(1,−3) 370.y2z−1x = 1, (yx−1)2y = 1 Abelian
371.y2z−1x = 1, (yx−1)2z = 1 Abelian 372.y2z−1x = 1, yx−1z2 = 1 Abelian
373.y2z−1x = 1, yx−1zx−1y = 1 Abelian 374.y2z−1x = 1, y(x−1z)2 = 1 T
375.y2z−1x = 1, yx−1zy−1z = 1 Abelian 376.y2z−1x = 1, yz−1x−1y = 1 T
377.y2z−1x = 1, yz−1x−1z = 1 Abelian 378.y2z−1x = 1, yz−1y−1z = 1 Abelian
379.y2z−1x = 1, yz−2y = 1 Abelian 380.y2z−1x = 1, yz−1xz = 1 y = z
381.y2z−1x = 1, yz−1xy−1z = 1 Abelian 382.y2z−1x = 1, yz−1xz−1y = 1 T
383.y2z−1x = 1, yz−1yz = 1 BS(1,−1) 384.y2z−1x = 1, yz−1yx−1y = 1 Abelian
385.y2z−1x = 1, yz−1yx−1z = 1 Abelian 386.y2z−1x = 1, (yz−1)2y = 1 Abelian
387.y2z−1y = 1, yx−1yz = 1 Abelian 388.y2z−1y = 1, yx−1yz−1x = 1 BS(2, 1)
389.y2z−1y = 1, yx−1z2 = 1 Abelian 390.y2z−1y = 1, y(x−1z)2 = 1 Abelian
391.y2z−1y = 1, yx−1zy−1x = 1 BS(2,−1) 392.y2z−1y = 1, yx−1zy−1z = 1 Abelian
393.y2z−1y = 1, yz−1x−1z = 1 Abelian 394.y2z−1y = 1, yz−1y−1x = 1 Abelian
395.y2z−1y = 1, yz−2x = 1 Abelian 396.y2z−1y = 1, yz−1xz = 1 Abelian
397.y2z−1y = 1, yz−1xy−1x = 1 Abelian 398.y2z−1y = 1, yz−1xy−1z = 1 Abelian
399.y2z−1y = 1, y(z−1x)2 = 1 Abelian 400.y2z−1y = 1, yz−1yz = 1 T
401.y2z−1y = 1, yz−1yx−1z = 1 Abelian 402.y2z−1y = 1, (yz−1)2x = 1 Abelian
403.yz2 = 1, (yx−1)2y = 1 BS(1,−1) 404.yz2 = 1, yx−1yz−1y = 1 Abelian
405.yz2 = 1, yz−1x−1y = 1 Abelian 406.yz2 = 1, yz−1y−1x = 1 Abelian
407.yz2 = 1, yz−2x = 1 Abelian 408.yz2 = 1, yz−2y = 1 T
409.yz2 = 1, y(z−1x)2 = 1 BS(1,−1) 410.yz2 = 1, yz−1xz−1y = 1 Abelian
411.yz2 = 1, yz−1yx−1y = 1 Abelian 412.yz2 = 1, (yz−1)2x = 1 Abelian
413.yz2 = 1, (yz−1)2y = 1 T 414.yzx−1y = 1, yx−1yz = 1 Abelian
415.yzx−1y = 1, y(x−1z)2 = 1 BS(4, 1) 416.yzx−1y = 1, yz−1y−1x = 1 BS(1,−1)
417.yzx−1y = 1, yz−1y−1z = 1 Abelian 418.yzx−1y = 1, y(z−1x)2 = 1 BS(4,−1)
419.yzx−1y = 1, yz−1yz = 1 BS(1,−1) 420.yzx−1z = 1, yz−2x = 1 BS(1,−1)
421.yzx−1z = 1, yz−2y = 1 BS(1,−1) 422.yzx−1z = 1, y(z−1x)2 = 1 Abelian
423.yzx−1z = 1, yz−1xz−1y = 1 T 424.yzx−1z = 1, (yz−1)2x = 1 BS(2,−1)
425.yzx−1z = 1, (yz−1)2y = 1 Abelian 426.yzy−1x = 1, yx−1yz = 1 BS(1,−1)
427.yzy−1x = 1, (yx−1)2y = 1 Abelian 428.yzy−1x = 1, yx−1yz−1y = 1 T
429.yzy−1x = 1, yz−1x−1y = 1 BS(1,−1) 430.yzy−1x = 1, yz−1y−1z = 1 Abelian
431.yzy−1x = 1, yz−2y = 1 BS(1,−1) 432.yzy−1x = 1, yz−1xz = 1 BS(1, 2)
433.yzy−1x = 1, yz−1yz = 1 BS(1,−1) 434.yzy−1x = 1, yz−1yx−1y = 1 BS(2,−1)
435.yzy−1x = 1, (yz−1)2y = 1 Abelian 436.yzy−1z = 1, yx−1yz−1y = 1 BS(1,−1)
437.yzy−1z = 1, yz−1x−1y = 1 BS(1,−1) 438.yzy−1z = 1, yz−1y−1x = 1 BS(1,−1)
439.yzy−1z = 1, yz−2x = 1 BS(1,−1) 440.yzy−1z = 1, yz−2y = 1 T
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441.yzy−1z = 1, yz−1xz−1y = 1 BS(1,−1) 442.yzy−1z = 1, yz−1yx−1y = 1 BS(1,−1)
443.yzy−1z = 1, (yz−1)2x = 1 BS(1,−1) 444.yzy−1z = 1, (yz−1)2y = 1 T
445.yx−1yz = 1, yz−1x−1y = 1 BS(1,−1) 446.yx−1yz = 1, yz−1y−1x = 1 T
447.yx−1yz = 1, yz−2y = 1 BS(1,−1) 448.yx−1yz = 1, yz−1yx−1y = 1 Abelian
449.yx−1yz = 1, (yz−1)2y = 1 Abelian 450.(yx−1)2y = 1, yz−1y−1x = 1 Abelian
451.(yx−1)2y = 1, yz−1xy−1x = 1 Abelian 452.(yx−1)2y = 1, yz−1xy−1z = 1 BS(1,−2)
453.(yx−1)2y = 1, yz−1yx−1z = 1 BS(1, 2) 454.(yx−1)2z = 1, yz−1xy−1x = 1 T
455.(yx−1)2z = 1, y(z−1x)2 = 1 Abelian 456.yx−1yz−1x = 1, yz−1xz = 1 x = z−1y
457.yx−1yz−1x = 1, (yz−1)2y = 1 BS(1, 2) 458.yx−1yz−1y = 1, yz−1y−1z = 1 Abelian
459.yx−1yz−1y = 1, yz−1xy−1x = 1 BS(−2, 1) 460.yx−1yz−1y = 1, yz−1yz = 1 BS(1,−1)
461.yx−1z2 = 1, yz−2x = 1 T 462.yx−1z2 = 1, yz−2y = 1 BS(1,−1)
463.yx−1z2 = 1, y(z−1x)2 = 1 Abelian 464.yx−1z2 = 1, yz−1xz−1y = 1 BS(2,−1)
465.yx−1z2 = 1, (yz−1)2x = 1 BS(1,−2) 466.yx−1z2 = 1, (yz−1)2y = 1 Abelian
467.yx−1zx−1y = 1, yz−1xy−1x = 1 BS(1,−1) 468.yx−1zx−1y = 1, y(z−1x)2 = 1 Abelian
469.y(x−1z)2 = 1, yz−2x = 1 Abelian 470.y(x−1z)2 = 1, yz−1xy−1x = 1 Abelian
471.y(x−1z)2 = 1, y(z−1x)2 = 1 T 472.y(x−1z)2 = 1, yz−1xz−1y = 1 Abelian
473.y(x−1z)2 = 1, (yz−1)2x = 1 Abelian 474.yx−1zy−1x = 1, yz−1xz = 1 BS(2, 1)
475.yx−1zy−1x = 1, yz−1xy−1z = 1 x = z−1 476.yx−1zy−1x = 1, (yz−1)2y = 1 BS(1,−2)
477.yx−1zy−1z = 1, yz−2x = 1 BS(1, 2) 478.yx−1zy−1z = 1, yz−2y = 1 BS(1,−1)
479.yx−1zy−1z = 1, yz−1xy−1x = 1 x = z−1 480.yx−1zy−1z = 1, y(z−1x)2 = 1 Abelian
481.yx−1zy−1z = 1, yz−1xz−1y = 1 BS(1,−1) 482.yx−1zy−1z = 1, yz−1yx−1y = 1 BS(2,−1)
483.yx−1zy−1z = 1, (yz−1)2x = 1 T 484.yx−1zy−1z = 1, (yz−1)2y = 1 Abelian
485.z2x−1y = 1, zx−1yx−1z = 1 T 486.z2x−1y = 1, zx−1yz−1x = 1 Abelian
487.z2x−1y = 1, (zx−1)2z = 1 Abelian 488.z2x−1y = 1, zx−1zy−1x = 1 Abelian
489.z2x−1y = 1, zx−1zy−1z = 1 Abelian 490.z2x−1y = 1, z(y−1x)2 = 1 T
491.z2x−1y = 1, zy−1xy−1z = 1 Abelian 492.z2x−1y = 1, zy−1xz−1x = 1 Abelian
493.z2x−1y = 1, (zy−1)2x = 1 Abelian 494.z2x−1y = 1, (zy−1)2z = 1 Abelian
495.z2x−1z = 1, z(x−1y)2 = 1 Abelian 496.z2x−1z = 1, zx−1yz−1x = 1 Abelian
497.z2x−1z = 1, zx−1yz−1y = 1 Abelian 498.z2x−1z = 1, (zx−1)2y = 1 Abelian
499.z2x−1z = 1, zx−1zy−1x = 1 Abelian 500.z2x−1z = 1, z(y−1x)2 = 1 Abelian
501.z2x−1z = 1, zy−1xz−1x = 1 Abelian 502.z2x−1z = 1, zy−1xz−1y = 1 BS(2,−1)
503.z2x−1z = 1, zy−1zx−1y = 1 BS(2, 1) 504.z2y−1x = 1, z(x−1y)2 = 1 T
505.z2y−1x = 1, zx−1yx−1z = 1 Abelian 506.z2y−1x = 1, zx−1yz−1y = 1 Abelian
507.z2y−1x = 1, (zx−1)2y = 1 Abelian 508.z2y−1x = 1, (zx−1)2z = 1 Abelian
509.z2y−1x = 1, zy−1xy−1z = 1 T 510.z2y−1x = 1, zy−1xz−1y = 1 Abelian
511.z2y−1x = 1, zy−1zx−1y = 1 Abelian 512.z2y−1x = 1, zy−1zx−1z = 1 Abelian
513.z2y−1x = 1, (zy−1)2z = 1 Abelian 514.z2y−1z = 1, z(x−1y)2 = 1 Abelian
515.z2y−1z = 1, zx−1yz−1x = 1 BS(2,−1) 516.z2y−1z = 1, zx−1yz−1y = 1 Abelian
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517.z2y−1z = 1, zx−1zy−1x = 1 BS(2, 1) 518.z2y−1z = 1, z(y−1x)2 = 1 Abelian
519.z2y−1z = 1, zy−1xz−1x = 1 Abelian 520.z2y−1z = 1, zy−1xz−1y = 1 Abelian
521.z2y−1z = 1, zy−1zx−1y = 1 Abelian 522.z2y−1z = 1, (zy−1)2x = 1 Abelian
523.z(x−1y)2 = 1, z(y−1x)2 = 1 T 524.z(x−1y)2 = 1, zy−1xy−1z = 1 Abelian
525.z(x−1y)2 = 1, zy−1xz−1x = 1 Abelian 526.z(x−1y)2 = 1, (zy−1)2x = 1 Abelian
527.zx−1yx−1z = 1, z(y−1x)2 = 1 Abelian 528.zx−1yx−1z = 1, zy−1xz−1x = 1 BS(1,−1)
529.zx−1yz−1x = 1, zy−1xz−1y = 1 x = y−1 530.zx−1yz−1x = 1, (zy−1)2z = 1 BS(1,−2)
531.zx−1yz−1y = 1, z(y−1x)2 = 1 Abelian 532.zx−1yz−1y = 1, zy−1xy−1z = 1 BS(1,−1)
533.zx−1yz−1y = 1, zy−1xz−1x = 1 y = x−1 534.zx−1yz−1y = 1, zy−1zx−1z = 1 BS(2,−1)
535.zx−1yz−1y = 1, (zy−1)2x = 1 T 536.zx−1yz−1y = 1, (zy−1)2z = 1 Abelian
537.(zx−1)2y = 1, z(y−1x)2 = 1 Abelian 538.(zx−1)2y, zy−1xz−1x T
539.(zx−1)2z = 1, z(y−1x)2 = 1 BS(1,−1) 540.(zx−1)2z = 1, zy−1xz−1x = 1 Abelian
541.(zx−1)2z = 1, zy−1xz−1y = 1 BS(1,−2) 542.(zx−1)2z = 1, zy−1zx−1y = 1 BS(1, 2)
543.zx−1zy−1x = 1, (zy−1)2z = 1 BS(1, 2) 544.zx−1zy−1z = 1, zy−1xz−1x = 1 BS(2,−1)
545.(x−1y)2x−1z = 1, x−1yz−1xz−1y = 1 y = z 546.(x−1y)2z−1y = 1, x−1yz−1yx−1z = 1 y = z
547.x−1y(x−1z)2 = 1, x−1yz−1xz−1y = 1 y = x 548.x−1yx−1zy−1z = 1, x−1(yz−1)2y = 1 y = x
Thus, there are 458 cases which may lead to the existence of a subgraph isomorphic to the graph H1 as Figure
11 on vertices of degree 4 in Γ. These cases are listed in Table 5.
Table 5. The possible relations of two cycles of length 3 with a common edge on vertices
of degree 4 in Z(α, β) and U(α, β).
n r1 r2 n r1 r2
1 x2y = 1 xy−1z2 = 1 2 x2y = 1 xy−1zx−1z = 1
3 x2y = 1 xz−1yz−1x = 1 4 x2z = 1 xy−1zy−1x = 1
5 x2z = 1 xz−1y2 = 1 6 x2z = 1 xz−1yx−1y = 1
7 x2y−1x = 1 xy−1x−1y = 1 8 x2y−1x = 1 xz−2y = 1
9 x2y−1x = 1 (xz−1)2y = 1 10 x2y−1z = 1 xz−1y−1x = 1
11 x2y−1z = 1 xz−1xy−1x = 1 12 x2z−1x = 1 xy−2z = 1
13 x2z−1x = 1 (xy−1)2z = 1 14 x2z−1x = 1 xz−1x−1z = 1
15 x2z−1y = 1 xy−1z−1x = 1 16 x2z−1y = 1 xy−1xz−1x = 1
17 xy2 = 1 xy−1z2 = 1 18 xy2 = 1 xy−1zx−1z = 1
19 xy2 = 1 xz−1x−1z = 1 20 xy2 = 1 xz−2x = 1
21 xy2 = 1 xz−1xz = 1 22 xy2 = 1 xz−1xy−1z = 1
23 xy2 = 1 xz−1yx−1z = 1 24 xy2 = 1 xz−1yz−1x = 1
25 xyz = 1 xy−1z−1y = 1 26 xyz = 1 xy−1xz−1x = 1
27 xyz = 1 xy−1xz−1y = 1 28 xyz = 1 xy−1zx−1y = 1
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29 xyz = 1 xy−1zy−1x = 1 30 xyz = 1 xz−1x−1y = 1
31 xyz = 1 (xz−1)2y = 1 32 xyz = 1 xz−1y2 = 1
33 xyz = 1 xz−1yx−1y = 1 34 xyz = 1 xz−1yz−1x = 1
35 xyz = 1 x(z−1y)2 = 1 36 xyx−1y = 1 xy−1z2 = 1
37 xyx−1y = 1 xy−1zx−1z = 1 38 xyx−1y = 1 x(y−1z)2 = 1
39 xyx−1y = 1 xz−1x−1z = 1 40 xyx−1y = 1 xz−1y−1z = 1
41 xyx−1y = 1 xz−2x = 1 42 xyx−1y = 1 xz−1xz = 1
43 xyx−1y = 1 xz−1xy−1z = 1 44 xyx−1y = 1 (xz−1)2x = 1
45 xyx−1y = 1 xz−1yz = 1 46 xyx−1y = 1 xz−1yx−1z = 1
47 xyx−1y = 1 xz−1yz−1x = 1 48 xyx−1z = 1 xy−1z−1y = 1
49 xyx−1z = 1 xy−1xz−1y = 1 50 xyx−1z = 1 xy−1zy = 1
51 xyx−1z = 1 xy−1zx−1y = 1 52 xyx−1z = 1 xy−1zy−1x = 1
53 xyx−1z = 1 xz−1x−1y = 1 54 xyx−1z = 1 xz−2y = 1
55 xyx−1z = 1 (xz−1)2y = 1 56 xyx−1z = 1 xz−1y2 = 1
57 xyx−1z = 1 xz−1yx−1y = 1 58 xyx−1z = 1 xz−1yz−1x = 1
59 xyx−1z = 1 x(z−1y)2 = 1 60 xyz−1x = 1 xy−2z = 1
61 xyz−1x = 1 xy−1z−1y = 1 62 xyz−1x = 1 (xy−1)2z = 1
63 xyz−1x = 1 xy−1xz−1y = 1 64 xyz−1x = 1 xy−1zy = 1
65 xyz−1x = 1 xy−1z2 = 1 66 xyz−1x = 1 xy−1zx−1y = 1
67 xyz−1x = 1 xy−1zx−1z = 1 68 xyz−1x = 1 xz−1y−1z = 1
69 xyz−1x = 1 xz−2y = 1 70 xyz−1x = 1 xz−1xy−1z = 1
71 xyz−1x = 1 (xz−1)2y = 1 72 xyz−1x = 1 xz−1y2 = 1
73 xyz−1x = 1 xz−1yz = 1 74 xyz−1x = 1 xz−1yx−1y = 1
75 xyz−1x = 1 xz−1yx−1z = 1 76 xyz−1y = 1 xy−1x−1z = 1
77 xyz−1y = 1 xy−1z−1x = 1 78 xyz−1y = 1 xy−1xz = 1
79 xyz−1y = 1 xy−1xz−1x = 1 80 xyz−1y = 1 xy−1z2 = 1
81 xyz−1y = 1 xy−1zx−1z = 1 82 xyz−1y = 1 xz−1x−1z = 1
83 xyz−1y = 1 xz−1y−1x = 1 84 xyz−1y = 1 xz−1y−1z = 1
85 xyz−1y = 1 xz−2x = 1 86 xyz−1y = 1 xz−1xz = 1
87 xyz−1y = 1 xz−1xy−1x = 1 88 xyz−1y = 1 xz−1xy−1z = 1
89 xyz−1y = 1 (xz−1)2x = 1 90 xyz−1y = 1 xz−1yz = 1
91 xyz−1y = 1 xz−1yx−1z = 1 92 xyz−1y = 1 xz−1yz−1x = 1
93 xzy = 1 xy−1x−1z = 1 94 xzy = 1 (xy−1)2z = 1
95 xzy = 1 xy−1z2 = 1 96 xzy = 1 xy−1zx−1z = 1
97 xzy = 1 xy−1zy−1x = 1 98 xzy = 1 x(y−1z)2 = 1
99 xzy = 1 xz−1y−1z = 1 100 xzy = 1 xz−1xy−1x = 1
101 xzy = 1 xz−1xy−1z = 1 102 xzy = 1 xz−1yx−1z = 1
103 xzy = 1 xz−1yz−1x = 1 104 xz2 = 1 xy−1x−1y = 1
105 xz2 = 1 xy−2x = 1 106 xz2 = 1 xy−1xy = 1
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107 xz2 = 1 xy−1xz−1y = 1 108 xz2 = 1 xy−1zx−1y = 1
109 xz2 = 1 xy−1zy−1x = 1 110 xz2 = 1 xz−1y2 = 1
111 xz2 = 1 xz−1yx−1y = 1 112 xzx−1y = 1 xy−1x−1z = 1
113 xzx−1y = 1 xy−2z = 1 114 xzx−1y = 1 (xy−1)2z = 1
115 xzx−1y = 1 xy−1z2 = 1 116 xzx−1y = 1 xy−1zx−1z = 1
117 xzx−1y = 1 xy−1zy−1x = 1 118 xzx−1y = 1 x(y−1z)2 = 1
119 xzx−1y = 1 xz−1y−1z = 1 120 xzx−1y = 1 xz−1xy−1z = 1
121 xzx−1y = 1 xz−1yz = 1 122 xzx−1y = 1 xz−1yx−1z = 1
123 xzx−1y = 1 xz−1yz−1x = 1 124 xzx−1z = 1 xy−1x−1y = 1
125 xzx−1z = 1 xy−2x = 1 126 xzx−1z = 1 xy−1z−1y = 1
127 xzx−1z = 1 xy−1xy = 1 128 xzx−1z = 1 (xy−1)2x = 1
129 xzx−1z = 1 xy−1xz−1y = 1 130 xzx−1z = 1 xy−1zy = 1
131 xzx−1z = 1 xy−1zx−1y = 1 132 xzx−1z = 1 xy−1zy−1x = 1
133 xzx−1z = 1 xz−1y2 = 1 134 xzx−1z = 1 xz−1yx−1y = 1
135 xzx−1z = 1 x(z−1y)2 = 1 136 xzy−1x = 1 xy−2z = 1
137 xzy−1x = 1 xy−1z−1y = 1 138 xzy−1x = 1 (xy−1)2z = 1
139 xzy−1x = 1 xy−1xz−1y = 1 140 xzy−1x = 1 xy−1zy = 1
141 xzy−1x = 1 xy−1z2 = 1 142 xzy−1x = 1 xy−1zx−1y = 1
143 xzy−1x = 1 xy−1zx−1z = 1 144 xzy−1x = 1 x(y−1z)2 = 1
145 xzy−1x = 1 xz−1y−1z = 1 146 xzy−1x = 1 xz−2y = 1
147 xzy−1x = 1 xz−1xy−1z = 1 148 xzy−1x = 1 (xz−1)2y = 1
149 xzy−1x = 1 xz−1y2 = 1 150 xzy−1x = 1 xz−1yz = 1
151 xzy−1x = 1 xz−1yx−1y = 1 152 xzy−1x = 1 xz−1yx−1z = 1
153 xzy−1z = 1 xy−1x−1y = 1 154 xzy−1z = 1 xy−2x = 1
155 xzy−1z = 1 xy−1z−1x = 1 156 xzy−1z = 1 xy−1z−1y = 1
157 xzy−1z = 1 xy−1xy = 1 158 xzy−1z = 1 (xy−1)2x = 1
159 xzy−1z = 1 xy−1xz−1x = 1 160 xzy−1z = 1 xy−1xz−1y = 1
161 xzy−1z = 1 xy−1zy = 1 162 xzy−1z = 1 xy−1zx−1y = 1
163 xzy−1z = 1 xy−1zy−1x = 1 164 xzy−1z = 1 xz−1x−1y = 1
165 xzy−1z = 1 xz−1y−1x = 1 166 xzy−1z = 1 xz−1xy = 1
167 xzy−1z = 1 xz−1xy−1x = 1 168 xzy−1z = 1 xz−1y2 = 1
169 xzy−1z = 1 xz−1yx−1y = 1 170 xy−1x−1y = 1 xz−1x−1z = 1
171 xy−1x−1y = 1 xz−1y−1z = 1 172 xy−1x−1y = 1 xz−2x = 1
173 xy−1x−1y = 1 xz−1xz = 1 174 xy−1x−1y = 1 xz−1xy−1z = 1
175 xy−1x−1y = 1 (xz−1)2x = 1 176 xy−1x−1y = 1 xz−1yz = 1
177 xy−1x−1y = 1 xz−1yx−1z = 1 178 xy−1x−1y = 1 xz−1yz−1x = 1
179 xy−1x−1z = 1 xz−1x−1y = 1 180 xy−1x−1z = 1 xz−1y−1x = 1
181 xy−1x−1z = 1 xz−2y = 1 182 xy−1x−1z = 1 xz−1xy−1x = 1
183 xy−1x−1z = 1 (xz−1)2y = 1 184 xy−1x−1z = 1 xz−1y2 = 1
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185 xy−1x−1z = 1 xz−1yx−1y = 1 186 xy−1x−1z = 1 xz−1yz−1x = 1
187 xy−1x−1z = 1 x(z−1y)2 = 1 188 xy−2x = 1 xz−1x−1z = 1
189 xy−2x = 1 xz−1y−1z = 1 190 xy−2x = 1 xz−2y = 1
191 xy−2x = 1 xz−1xz = 1 192 xy−2x = 1 xz−1xy−1z = 1
193 xy−2x = 1 (xz−1)2y = 1 194 xy−2x = 1 xz−1yz = 1
195 xy−2x = 1 xz−1yx−1z = 1 196 xy−2x = 1 x(z−1y)2 = 1
197 xy−2z = 1 xz−1x−1y = 1 198 xy−2z = 1 xz−1y−1x = 1
199 xy−2z = 1 xz−2x = 1 200 xy−2z = 1 xz−2y = 1
201 xy−2z = 1 xz−1xy = 1 202 xy−2z = 1 xz−1xy−1x = 1
203 xy−2z = 1 (xz−1)2x = 1 204 xy−2z = 1 (xz−1)2y = 1
205 xy−2z = 1 xz−1yz−1x = 1 206 xy−1z−1x = 1 xz−1x−1y = 1
207 xy−1z−1x = 1 xz−1y−1z = 1 208 xy−1z−1x = 1 xz−2y = 1
209 xy−1z−1x = 1 (xz−1)2y = 1 210 xy−1z−1x = 1 xz−1y2 = 1
211 xy−1z−1x = 1 xz−1yz = 1 212 xy−1z−1x = 1 xz−1yx−1y = 1
213 xy−1z−1x = 1 xz−1yx−1z = 1 214 xy−1z−1x = 1 x(z−1y)2 = 1
215 xy−1z−1y = 1 xz−1x−1z = 1 216 xy−1z−1y = 1 xz−1y−1x = 1
217 xy−1z−1y = 1 xz−2x = 1 218 xy−1z−1y = 1 xz−1xz = 1
219 xy−1z−1y = 1 xz−1xy−1x = 1 220 xy−1z−1y = 1 xz−1xy−1z = 1
221 xy−1z−1y = 1 (xz−1)2x = 1 222 xy−1z−1y = 1 xz−1yz = 1
223 xy−1z−1y = 1 xz−1yx−1z = 1 224 xy−1z−1y = 1 xz−1yz−1x = 1
225 xy−1xy = 1 xz−1x−1z = 1 226 xy−1xy = 1 xz−1y−1z = 1
227 xy−1xy = 1 xz−2x = 1 228 xy−1xy = 1 xz−1xz = 1
229 xy−1xy = 1 xz−1xy−1z = 1 230 xy−1xy = 1 (xz−1)2x = 1
231 xy−1xy = 1 xz−1yz = 1 232 xy−1xy = 1 xz−1yx−1z = 1
233 xy−1xy = 1 xz−1yz−1x = 1 234 xy−1xz = 1 xz−2y = 1
235 xy−1xz = 1 xz−1xy = 1 236 xy−1xz = 1 (xz−1)2y = 1
237 xy−1xz = 1 xz−1y2 = 1 238 xy−1xz = 1 xz−1yx−1y = 1
239 xy−1xz = 1 xz−1yz−1x = 1 240 xy−1xz = 1 x(z−1y)2 = 1
241 (xy−1)2x = 1 xz−1x−1z = 1 242 (xy−1)2x = 1 xz−1y−1z = 1
243 (xy−1)2x = 1 xz−2y = 1 244 (xy−1)2x = 1 xz−1xz = 1
245 (xy−1)2x = 1 (xz−1)2y = 1 246 (xy−1)2x = 1 xz−1yz = 1
247 (xy−1)2x = 1 xz−1yx−1z = 1 248 (xy−1)2x = 1 x(z−1y)2 = 1
249 (xy−1)2z = 1 xz−1x−1y = 1 250 (xy−1)2z = 1 xz−1y−1x = 1
251 (xy−1)2z = 1 xz−2x = 1 252 (xy−1)2z = 1 xz−2y = 1
253 (xy−1)2z = 1 xz−1xy = 1 254 (xy−1)2z = 1 xz−1xy−1x = 1
255 (xy−1)2z = 1 (xz−1)2x = 1 256 (xy−1)2z = 1 (xz−1)2y = 1
257 (xy−1)2z = 1 xz−1yz−1x = 1 258 xy−1xz−1x = 1 xz−1y−1z = 1
259 xy−1xz−1x = 1 xz−2y = 1 260 xy−1xz−1x = 1 xz−1xy−1z = 1
261 xy−1xz−1x = 1 (xz−1)2y = 1 262 xy−1xz−1x = 1 xz−1y2 = 1
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263 xy−1xz−1x = 1 xz−1yz = 1 264 xy−1xz−1x = 1 xz−1yx−1z = 1
265 xy−1xz−1x = 1 x(z−1y)2 = 1 266 xy−1xz−1y = 1 xz−1x−1z = 1
267 xy−1xz−1y = 1 xz−1y−1z = 1 268 xy−1xz−1y = 1 xz−2x = 1
269 xy−1xz−1y = 1 xz−1xz = 1 270 xy−1xz−1y = 1 xz−1xy−1x = 1
271 xy−1xz−1y = 1 xz−1xy−1z = 1 272 xy−1xz−1y = 1 xz−1yx−1z = 1
273 xy−1xz−1y = 1 xz−1yz−1x = 1 274 xy−1zy = 1 xz−1x−1z = 1
275 xy−1zy = 1 xz−1y−1x = 1 276 xy−1zy = 1 xz−1y−1z = 1
277 xy−1zy = 1 xz−2x = 1 278 xy−1zy = 1 xz−1xz = 1
279 xy−1zy = 1 xz−1xy−1x = 1 280 xy−1zy = 1 (xz−1)2x = 1
281 xy−1zy = 1 xz−1yx−1z = 1 282 xy−1zy = 1 xz−1yz−1x = 1
283 xy−1z2 = 1 xz−1x−1y = 1 284 xy−1z2 = 1 xz−1y−1x = 1
285 xy−1z2 = 1 xz−1xy = 1 286 xy−1z2 = 1 xz−1xy−1x = 1
287 xy−1z2 = 1 xz−1yx−1y = 1 288 xy−1zx−1y = 1 xz−1x−1z = 1
289 xy−1zx−1y = 1 xz−1y−1x = 1 290 xy−1zx−1y = 1 xz−1y−1z = 1
291 xy−1zx−1y = 1 xz−2x = 1 292 xy−1zx−1y = 1 xz−1xz = 1
293 xy−1zx−1y = 1 xz−1xy−1x = 1 294 xy−1zx−1y = 1 xz−1xy−1z = 1
295 xy−1zx−1y = 1 xz−1yz−1x = 1 296 xy−1zx−1z = 1 xz−1x−1y = 1
297 xy−1zx−1z = 1 xz−1y−1x = 1 298 xy−1zx−1z = 1 xz−1xy = 1
299 xy−1zx−1z = 1 xz−1y2 = 1 300 xy−1zy−1x = 1 xz−1x−1y = 1
301 xy−1zy−1x = 1 xz−1x−1z = 1 302 xy−1zy−1x = 1 xz−1y−1z = 1
303 xy−1zy−1x = 1 xz−2y = 1 304 xy−1zy−1x = 1 xz−1xy = 1
305 xy−1zy−1x = 1 xz−1xz = 1 306 xy−1zy−1x = 1 xz−1xy−1z = 1
307 xy−1zy−1x = 1 (xz−1)2y = 1 308 xy−1zy−1x = 1 xz−1yz = 1
309 xy−1zy−1x = 1 xz−1yx−1z = 1 310 x(y−1z)2 = 1 xz−1x−1y = 1
311 x(y−1z)2 = 1 xz−1y−1x = 1 312 x(y−1z)2 = 1 xz−2x = 1
313 x(y−1z)2 = 1 xz−1xy = 1 314 x(y−1z)2 = 1 xz−1xy−1x = 1
315 x(y−1z)2 = 1 (xz−1)2x = 1 316 y2z = 1 yx−1zx−1y = 1
317 y2z = 1 yz−1xy−1x = 1 318 y2x−1y = 1 yz−2x = 1
319 y2x−1y = 1 (yz−1)2x = 1 320 y2x−1z = 1 yz−1x−1y = 1
321 y2x−1z = 1 yz−1yx−1y = 1 322 y2z−1x = 1 yx−1yz−1y = 1
323 y2z−1y = 1 (yx−1)2z = 1 324 y2z−1y = 1 yz−1y−1z = 1
325 yz2 = 1 yx−1yz−1x = 1 326 yz2 = 1 yx−1zx−1y = 1
327 yz2 = 1 yx−1zy−1x = 1 328 yz2 = 1 yz−1xy−1x = 1
329 yzx−1y = 1 (yx−1)2z = 1 330 yzx−1y = 1 yx−1yz−1x = 1
331 yzx−1y = 1 yx−1z2 = 1 332 yzx−1y = 1 yx−1zy−1x = 1
333 yzx−1y = 1 yx−1zy−1z = 1 334 yzx−1y = 1 yz−1x−1z = 1
335 yzx−1y = 1 yz−2x = 1 336 yzx−1y = 1 yz−1xz = 1
337 yzx−1y = 1 yz−1xy−1x = 1 338 yzx−1y = 1 yz−1xy−1z = 1
339 yzx−1y = 1 yz−1yx−1z = 1 340 yzx−1y = 1 (yz−1)2x = 1
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341 yzx−1z = 1 (yx−1)2y = 1 342 yzx−1z = 1 yx−1yz−1x = 1
343 yzx−1z = 1 yx−1yz−1y = 1 344 yzx−1z = 1 yx−1zy−1x = 1
345 yzx−1z = 1 yz−1x−1y = 1 346 yzx−1z = 1 yz−1y−1x = 1
347 yzx−1z = 1 yz−1xy−1x = 1 348 yzx−1z = 1 yz−1yx−1y = 1
349 yzy−1x = 1 (yx−1)2z = 1 350 yzy−1x = 1 yx−1z2 = 1
351 yzy−1x = 1 yx−1zx−1y = 1 352 yzy−1x = 1 y(x−1z)2 = 1
353 yzy−1x = 1 yx−1zy−1z = 1 354 yzy−1x = 1 yz−1x−1z = 1
355 yzy−1x = 1 yz−1xy−1z = 1 356 yzy−1x = 1 yz−1xz−1y = 1
357 yzy−1x = 1 yz−1yx−1z = 1 358 yzy−1z = 1 (yx−1)2y = 1
359 yzy−1z = 1 yx−1yz−1x = 1 360 yzy−1z = 1 yx−1zx−1y = 1
361 yzy−1z = 1 yx−1zy−1x = 1 362 yzy−1z = 1 yz−1xy−1x = 1
363 yzy−1z = 1 y(z−1x)2 = 1 364 yx−1yz = 1 yz−2x = 1
365 yx−1yz = 1 yz−1xy−1x = 1 366 yx−1yz = 1 y(z−1x)2 = 1
367 yx−1yz = 1 yz−1xz−1y = 1 368 yx−1yz = 1 (yz−1)2x = 1
369 (yx−1)2y = 1 yz−1x−1z = 1 370 (yx−1)2y = 1 yz−1y−1z = 1
371 (yx−1)2y = 1 yz−2x = 1 372 (yx−1)2y = 1 yz−1xz = 1
373 (yx−1)2y = 1 y(z−1x)2 = 1 374 (yx−1)2y = 1 yz−1yz = 1
375 (yx−1)2y = 1 (yz−1)2x = 1 376 (yx−1)2z = 1 yz−1x−1y = 1
377 (yx−1)2z = 1 yz−2x = 1 378 (yx−1)2z = 1 yz−2y = 1
379 (yx−1)2z = 1 yz−1xz−1y = 1 380 (yx−1)2z = 1 yz−1yx−1y = 1
381 (yx−1)2z = 1 (yz−1)2x = 1 382 (yx−1)2z = 1 (yz−1)2y = 1
383 yx−1yz−1x = 1 yz−1x−1y = 1 384 yx−1yz−1x = 1 yz−1x−1z = 1
385 yx−1yz−1x = 1 yz−1y−1z = 1 386 yx−1yz−1x = 1 yz−2y = 1
387 yx−1yz−1x = 1 yz−1xy−1z = 1 388 yx−1yz−1x = 1 yz−1xz−1y = 1
389 yx−1yz−1x = 1 yz−1yz = 1 390 yx−1yz−1x = 1 yz−1yx−1y = 1
391 yx−1yz−1x = 1 yz−1yx−1z = 1 392 yx−1yz−1y = 1 yz−1x−1z = 1
393 yx−1yz−1y = 1 yz−1y−1x = 1 394 yx−1yz−1y = 1 yz−2x = 1
395 yx−1yz−1y = 1 yz−1xz = 1 396 yx−1yz−1y = 1 yz−1xy−1z = 1
397 yx−1yz−1y = 1 y(z−1x)2 = 1 398 yx−1yz−1y = 1 yz−1yx−1z = 1
399 yx−1yz−1y = 1 (yz−1)2x = 1 400 yx−1z2 = 1 yz−1x−1y = 1
401 yx−1z2 = 1 yz−1y−1x = 1 402 yx−1z2 = 1 yz−1xy−1x = 1
403 yx−1z2 = 1 yz−1yx−1y = 1 404 yx−1zx−1y = 1 yz−1x−1z = 1
405 yx−1zx−1y = 1 yz−1y−1x = 1 406 yx−1zx−1y = 1 yz−1y−1z = 1
407 yx−1zx−1y = 1 yz−2x = 1 408 yx−1zx−1y = 1 yz−1xz = 1
409 yx−1zx−1y = 1 yz−1xy−1z = 1 410 yx−1zx−1y = 1 yz−1yz = 1
411 yx−1zx−1y = 1 yz−1yx−1z = 1 412 yx−1zx−1y = 1 (yz−1)2x = 1
413 y(x−1z)2 = 1 yz−1x−1y = 1 414 y(x−1z)2 = 1 yz−1y−1x = 1
415 y(x−1z)2 = 1 yz−2y = 1 416 y(x−1z)2 = 1 yz−1yx−1y = 1
417 y(x−1z)2 = 1 (yz−1)2y = 1 418 yx−1zy−1x = 1 yz−1x−1y = 1
Continued on next page
A. Abdollahi and F. Jafari 47
Table 5 – continued from previous page
n r1 r2 n r1 r2
419 yx−1zy−1x = 1 yz−1x−1z = 1 420 yx−1zy−1x = 1 yz−1y−1z = 1
421 yx−1zy−1x = 1 yz−2y = 1 422 yx−1zy−1x = 1 yz−1xz−1y = 1
423 yx−1zy−1x = 1 yz−1yz = 1 424 yx−1zy−1x = 1 yz−1yx−1y = 1
425 yx−1zy−1x = 1 yz−1yx−1z = 1 426 yx−1zy−1z = 1 yz−1x−1y = 1
427 yx−1zy−1z = 1 yz−1y−1x = 1 428 z2x−1y = 1 zy−1zx−1z = 1
429 z2x−1z = 1 (zy−1)2x = 1 430 z2y−1z = 1 (zx−1)2y = 1
431 z(x−1y)2 = 1 zy−1zx−1z = 1 432 z(x−1y)2 = 1 (zy−1)2z = 1
433 zx−1yx−1z = 1 zy−1xz−1y = 1 434 zx−1yx−1z = 1 zy−1zx−1y = 1
435 zx−1yx−1z = 1 (zy−1)2x = 1 436 zx−1yz−1x = 1 zy−1xy−1z = 1
437 zx−1yz−1x = 1 zy−1zx−1y = 1 438 zx−1yz−1x = 1 zy−1zx−1z = 1
439 (zx−1)2y = 1 zy−1xy−1z = 1 440 (zx−1)2y = 1 zy−1zx−1z = 1
441 (zx−1)2y = 1 (zy−1)2x = 1 442 (zx−1)2y = 1 (zy−1)2z = 1
443 (zx−1)2z = 1 (zy−1)2x = 1 444 zx−1zy−1x = 1 zy−1xy−1z = 1
445 zx−1zy−1x = 1 zy−1xz−1y = 1 446 zx−1zy−1x = 1 zy−1zx−1y = 1
447 zx−1zy−1x = 1 zy−1zx−1z = 1 448 zx−1zy−1z = 1 z(y−1x)2 = 1
449 zx−1zy−1z = 1 zy−1xz−1y = 1 450 zx−1zy−1z = 1 zy−1zx−1y = 1
451 zx−1zy−1z = 1 (zy−1)2x = 1 452 (x−1y)2x−1z = 1 x−1(yz−1)2y = 1
453 (x−1y)2z−1y = 1 x−1yz−1xy−1z = 1 454 x−1y(x−1z)2 = 1 x−1(yz−1)2y = 1
455 x−1yx−1zy−1z = 1 x−1yz−1xz−1y = 1 456 z2y−1x = 1 zx−1zy−1z = 1
457 yzx−1z = 1 yx−1zx−1y = 1 458 (yx−1)2z = 1 yz−1y−1x = 1
Now, suppose that C′′ is another cycle of length 3 in Γ with vertex set VC′′ = {g1, g2, g5} (i.e., C,C
′ and C′′
have exactly one edge in common) such that degΓ(g) = 4 for all g ∈ VC′′ . Further suppose that T
′′ ∈ T (C′′) and
T ′′ = [h1, h
′
1, r2, r
′
2, r3, r
′
3], where the first two components are related to the common edge between these cycles.
Remarks 9.5 and 9.6 imply that h1 6= h
′
1 6= r2 6= r
′
2 6= r3 6= r
′
3 6= h1 , r2 6= t2, r2 6= h2 and r
′
3 6= h
′
3 and r
′
3 6= t
′
3.
Note that replacing α by h1
−1α, we may assume that h1 = 1.
It can be seen that there are 2264 different cases for the relations of 3 cycles of length 3 which have exactly one
edge in common. Using GAP [9], we see that in 2016 cases among these 2264 cases, a free group with generators
x, y, z and the relations of each of such cases is finite or abelian that is a contradiction. We checked the other
cases, all of them lead to contradictions (see Table 6) and therefore Γ does not contain any subgraph isomorphic
to K1,1,3 on vertices of degree 4. Note that in Table 6 the column marked by E shows the structure of G(K1,1,3),
which leads to a contradiction, r1, r2 and r3 are the relations of C
′′, C and C′, respectively, and also we use the
symbol T when G(K1,1,3) has a non-trivial torsion element.
Table 6. The relations of 3 cycles of length 3 which have exactly one edge in common.
n r1 r2 r3 E
1 x2y = 1 xz−1xz = 1 xy−2x = 1 T
2 x2y = 1 xz−1yz = 1 xy−2x = 1 T
3 x2y = 1 xz−1y−1z = 1 (xy−1)2x = 1 T
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4 x2y = 1 xz−1xz = 1 (xy−1)2x = 1 T
5 x2y = 1 xz−1yz = 1 (xy−1)2x = 1 T
6 x2y = 1 xz−1yx−1z = 1 (xy−1)2x = 1 T
7 x2z = 1 xz−2x = 1 xy−1x−1y = 1 T
8 x2z = 1 (xz−1)2x = 1 xy−1x−1y = 1 T
9 x2z = 1 xz−1yz−1x = 1 xy−1x−1y = 1 Abelian
10 x2z = 1 (xz−1)2x = 1 xy−1z−1y = 1 T
11 x2z = 1 xz−2x = 1 xy−1xy = 1 T
12 x2z = 1 (xz−1)2x = 1 xy−1xy = 1 T
13 x2z = 1 xz−2x = 1 xy−1zy = 1 T
14 x2z = 1 (xz−1)2x = 1 xy−1zy = 1 T
15 x2y−1x = 1 xz−1y−1z = 1 xy−1x−1y = 1 BS(3, 1)
16 x2y−1x = 1 xz−1xz = 1 xy−1x−1y = 1 BS(1,−1)
17 x2y−1x = 1 xz−1xy−1z = 1 xy−1x−1y = 1 BS(2, 1)
18 x2y−1x = 1 xz−1yz = 1 xy−1x−1y = 1 BS(3,−1)
19 x2y−1x = 1 xz−1yx−1z = 1 xy−1x−1y = 1 BS(2,−1)
20 x2y−1x = 1 xz−1x−1z = 1 xy−1xz−1y = 1 Abelian
21 x2y−1z = 1 xz−2x = 1 xy−1x−1y = 1 Abelian
22 x2y−1z = 1 (xz−1)2x = 1 xy−1x−1y = 1 Abelian
23 x2y−1z = 1 xz−1yz−1x = 1 xy−1x−1y = 1 Abelian
24 x2y−1z = 1 x(z−1y)2 = 1 xy−1z−1x = 1 T
25 x2y−1z = 1 xz−2x = 1 xy−1z−1y = 1 x = z
26 x2z−1x = 1 xz−1x−1z = 1 xy−1x−1y = 1 Abelian
27 x2z−1x = 1 xz−1y−1z = 1 xy−1x−1y = 1 Abelian
28 x2z−1x = 1 xz−1x−1z = 1 xy−1z−1y = 1 BS(3, 1)
29 x2z−1x = 1 xz−1x−1z = 1 xy−1xy = 1 BS(1,−1)
30 x2z−1x = 1 xz−1xz = 1 xy−1xy = 1 BS(1,−1)
31 x2z−1x = 1 xz−2y = 1 xy−1xz = 1 Abelian
32 x2z−1x = 1 xz−1x−1z = 1 xy−1xz−1y = 1 BS(2, 1)
33 x2z−1x = 1 xz−1xz = 1 xy−1xz−1y = 1 T
34 x2z−1x = 1 xz−1x−1z = 1 xy−1zy = 1 BS(3,−1)
35 x2z−1x = 1 xz−1xz = 1 xy−1zy = 1 T
36 x2z−1x = 1 xz−1x−1z = 1 xy−1zx−1y = 1 BS(2,−1)
37 x2z−1x = 1 xz−1xz = 1 xy−1zx−1y = 1 T
38 x2z−1y = 1 xz−1x−1z = 1 xy−2x = 1 BS(1,−1)
39 x2z−1y = 1 xz−1y−1x = 1 x(y−1z)2 = 1 T
40 xy2 = 1 xz−1x−1z = 1 xy−2x = 1 T
41 xy2 = 1 xz−1xz = 1 xy−2x = 1 T
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42 xy2 = 1 xz−1yz = 1 xy−2x = 1 T
43 xy2 = 1 xz−1x−1z = 1 (xy−1)2x = 1 T
44 xy2 = 1 xz−1xz = 1 (xy−1)2x = 1 T
45 xyz = 1 xz−2x = 1 xy−1x−1y = 1 Abelian
46 xyz = 1 (xz−1)2x = 1 xy−1x−1y = 1 Abelian
47 xyz = 1 xz−2x = 1 xy−1z−1y = 1 BS(1,−1)
48 xyz = 1 (xz−1)2y = 1 xy−1xz−1x = 1 T
49 xyz = 1 xz−1y2 = 1 xy−1xz−1x = 1 T
50 xyx−1y = 1 xz−1y−1x = 1 xy−1x−1z = 1 BS(1,−1)
51 xyx−1y = 1 xz−1x−1z = 1 xy−2x = 1 T
52 xyx−1y = 1 xz−1y−1z = 1 xy−2x = 1 T
53 xyx−1y = 1 xz−1xz = 1 xy−2x = 1 T
54 xyx−1y = 1 xz−1xy−1z = 1 xy−2x = 1 T
55 xyx−1y = 1 xz−1yz = 1 xy−2x = 1 T
56 xyx−1y = 1 xz−1yx−1z = 1 xy−2x = 1 T
57 xyx−1y = 1 xz−2x = 1 xy−2z = 1 BS(1,−1)
58 xyx−1y = 1 xz−1yx−1z = 1 xy−1z−1x = 1 BS(1,−1)
59 xyx−1y = 1 xz−1x−1z = 1 (xy−1)2x = 1 T
60 xyx−1y = 1 xz−1xz = 1 (xy−1)2x = 1 T
61 xyx−1y = 1 xz−2x = 1 (xy−1)2z = 1 BS(1,−1)
62 xyx−1y = 1 xz−1yx−1z = 1 xy−1xz−1x = 1 BS(1,−1)
63 xyx−1y = 1 xz−1x−1z = 1 xy−1zy−1x = 1 BS(1,−1)
64 xyx−1y = 1 xz−1yx−1z = 1 xy−1zy−1x = 1 BS(1,−1)
65 xyx−1z = 1 xz−2x = 1 xy−1z−1y = 1 BS(1,−1)
66 xyz−1x = 1 xz−1x−1z = 1 xy−1x−1y = 1 Abelian
67 xyz−1x = 1 xz−1x−1y = 1 xy−1x−1z = 1 BS(1,−1)
68 xyz−1x = 1 x(z−1y)2 = 1 xy−1x−1z = 1 BS(1,−1)
69 xyz−1x = 1 xz−1yz = 1 xy−1z−1y = 1 x = y−1
70 xyz−1x = 1 xz−1xz = 1 xy−1xy = 1 BS(1,−1)
71 xyz−1x = 1 x(z−1y)2 = 1 xy−1xz = 1 BS(1, 2)
72 xyz−1x = 1 xz−1yx−1z = 1 xy−1xz−1y = 1 T
73 xyz−1x xz−1xy = 1 xy−1z2 = 1 Abelian
74 xyz−1x = 1 xz−1xy = 1 xy−1zx−1z = 1 Abelian
75 xyz−1x = 1 xz−1x−1y = 1 x(y−1z)2 = 1 BS(1,−2)
76 xyz−1y = 1 xz−1x−1z = 1 xy−2x = 1 Abelian
77 xyz−1y = 1 xz−1y−1z = 1 xy−2x = 1 BS(1,−1)
78 xyz−1y = 1 xz−1x−1z = 1 xy−1zy−1x = 1 T
79 xyz−1y = 1 xz−1xz = 1 xy−1zy−1x = 1 T
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80 xzy = 1 xz−1y−1z = 1 xy−2x = 1 BS(1,−1)
81 xzy = 1 xz−1xy−1x = 1 (xy−1)2z = 1 T
82 xzy = 1 xz−1xy−1x = 1 xy−1z2 = 1 T
83 xz2 = 1 xz−2x = 1 xy−1x−1y = 1 T
84 xz2 = 1 (xz−1)2x = 1 xy−1x−1y = 1 T
85 xz2 = 1 xz−1yz−1x = 1 xy−1x−1y = 1 Abelian
86 xz2 = 1 xz−2x = 1 xy−1z−1y = 1 T
87 xz2 = 1 (xz−1)2x = 1 xy−1z−1y = 1 T
88 xz2 = 1 xz−2x = 1 xy−1xy = 1 T
89 xz2 = 1 (xz−1)2x = 1 xy−1xy = 1 T
90 xz2 = 1 xz−2x = 1 xy−1zy = 1 T
91 xzx−1y = 1 xz−1y−1z = 1 xy−2x = 1 BS(1,−1)
92 xzx−1z = 1 xz−2x = 1 xy−1x−1y = 1 T
93 xzx−1z = 1 (xz−1)2x = 1 xy−1x−1y = 1 T
94 xzx−1z = 1 xz−1yz−1x = 1 xy−1x−1y = 1 BS(1,−1)
95 xzx−1z = 1 xz−2y = 1 xy−2x = 1 BS(1,−1)
96 xzx−1z = 1 (xz−1)2y = 1 xy−2x = 1 BS(1,−1)
97 xzx−1z = 1 xz−1x−1y = 1 xy−1z−1x = 1 BS(1,−1)
98 xzx−1z = 1 xz−2x = 1 xy−1z−1y = 1 T
99 xzx−1z = 1 xz−2x = 1 xy−1xy = 1 T
100 xzx−1z = 1 (xz−1)2x = 1 xy−1xy = 1 T
101 xzx−1z = 1 xz−2x = 1 xy−1xz−1y = 1 T
102 xzx−1z = 1 xz−2x = 1 xy−1zy = 1 T
103 xzx−1z = 1 (xz−1)2x = 1 xy−1zy = 1 T
104 xzx−1z = 1 xz−1y−1x = 1 xy−1zx−1y = 1 BS(1,−1)
105 xzx−1z = 1 xz−2x = 1 xy−1zx−1y = 1 T
106 xzx−1z = 1 xz−1xy−1x = 1 xy−1zx−1y = 1 BS(1,−1)
107 xzx−1z = 1 xz−1yz−1x = 1 xy−1zx−1y = 1 BS(1,−1)
108 xzy−1x = 1 xz−1x−1z = 1 xy−1x−1y = 1 Abelian
109 xzy−1x = 1 xz−1x−1y = 1 xy−1x−1z = 1 BS(1,−1)
110 xzy−1x = 1 x(z−1y)2 = 1 xy−1x−1z = 1 BS(1,−2)
111 xzy−1x = 1 xz−1xz = 1 xy−1xy = 1 Abelian
112 xzy−1x = 1 xz−2y = 1 xy−1xz = 1 BS(1,−1)
113 xzy−1x = 1 (xz−1)2y = 1 xy−1xz = 1 Abelian
114 xzy−1x = 1 xz−1x−1z = 1 xy−1xz−1y = 1 Abelian
115 xzy−1x = 1 xz−1y−1z = 1 xy−1zy = 1 x = y
116 xzy−1x = 1 xz−1x−1z = 1 xy−1zx−1y = 1 Abelian
117 xzy−1x = 1 xz−1xy−1z = 1 xy−1zx−1y = 1 T
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118 xzy−1x = 1 xz−1x−1y = 1 x(y−1z)2 = 1 BS(1,−1)
119 xzy−1x = 1 xz−1xy = 1 x(y−1z)2 = 1 BS(1, 2)
120 xzy−1z = 1 xz−2x = 1 xy−1x−1y = 1 BS(1,−1)
121 xzy−1z = 1 (xz−1)2x = 1 xy−1x−1y = 1 Abelian
122 xzy−1z = 1 xz−1yz−1x = 1 xy−1x−1y = 1 T
123 xzy−1z = 1 xz−2x = 1 xy−1z−1y = 1 BS(1,−1)
124 xzy−1z = 1 xz−1yz−1x = 1 xy−1xy = 1 T
125 xy−1x−1y = 1 xz−1xy−1x = 1 x2y−1z = 1 Abelian
126 xy−1x−1y = 1 xz−1x−1z = 1 x2z−1x = 1 Abelian
127 xy−1x−1y = 1 xz−1xy−1z = 1 xzy−1x = 1 Abelian
128 xy−1x−1y = 1 xz−1xy−1x = 1 xzy−1z = 1 Abelian
129 xy−2x = 1 xz−1x−1z = 1 xy2 = 1 T
130 xy−2x = 1 xz−1xz = 1 xy2 = 1 T
131 xy−2x = 1 xz−1xy−1z = 1 xy2 = 1 T
132 xy−2x = 1 xz−1yx−1z = 1 xy2 = 1 T
133 xy−2x = 1 xz−1x−1z = 1 xyx−1y = 1 T
134 xy−2x = 1 xz−1y−1z = 1 xyx−1y = 1 T
135 xy−2x = 1 xz−1xz = 1 xyx−1y = 1 T
136 xy−2x = 1 xz−1xy−1z = 1 xyx−1y = 1 T
137 xy−2x = 1 xz−1yz = 1 xyx−1y = 1 T
138 xy−2x = 1 xz−1yx−1z = 1 xyx−1y = 1 T
139 xy−2x = 1 xz−1x−1y = 1 xyx−1z = 1 BS(1,−1)
140 xy−2x = 1 xz−1x−1z = 1 xyz−1y = 1 BS(1,−1)
141 xy−2x = 1 xz−1y−1z = 1 xyz−1y = 1 BS(1,−1)
142 xy−2x = 1 xz−1y−1z = 1 xzy = 1 BS(1,−1)
143 xy−2x = 1 xz−1y−1z = 1 xzx−1y = 1 BS(1,−1)
144 xy−2x = 1 xz−1y2 = 1 xzx−1z = 1 BS(1,−1)
145 xy−2x = 1 xz−1yx−1y = 1 xzx−1z = 1 BS(1,−1)
146 xy−2z = 1 xz−2x = 1 xyx−1y = 1 BS(1,−1)
147 xy−1z−1x = 1 xz−1yx−1z = 1 xyx−1y = 1 BS(1,−1)
148 xy−1z−1y = 1 xz−1x−1z = 1 x2z−1x = 1 BS(3, 1)
149 xy−1z−1y = 1 xz−1yz = 1 xyz−1x = 1 x = y−1
150 xy−1xy xz−1x−1z = 1 x2z−1x = 1 BS(1,−1)
151 xy−1xz = 1 xz−2y = 1 xzy−1x = 1 Abelian
152 xy−1xz = 1 (xz−1)2y = 1 xzy−1x = 1 Abelian
153 xy−1xz = 1 xz−1y2 = 1 xzy−1x = 1 Abelian
154 xy−1xz = 1 xz−1yx−1y = 1 xzy−1x = 1 Abelian
155 (xy−1)2x = 1 xz−1x−1z = 1 xy2 = 1 T
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156 (xy−1)2x = 1 xz−1xz = 1 xy2 = 1 T
157 (xy−1)2x = 1 xz−1x−1z = 1 xyx−1y = 1 T
158 (xy−1)2x = 1 xz−1xz = 1 xyx−1y = 1 T
159 (xy−1)2x = 1 xz−1xy−1z = 1 xyx−1y = 1 T
160 (xy−1)2z = 1 xz−2x = 1 xyx−1y = 1 BS(1,−1)
161 (xy−1)2z = 1 xz−1xy−1x = 1 xzy = 1 T
162 xy−1xz−1x = 1 (xz−1)2y = 1 xyz = 1 T
163 xy−1xz−1x = 1 xz−1y2 = 1 xyz = 1 T
164 xy−1xz−1x = 1 xz−1yx−1z = 1 xyx−1y = 1 BS(1,−1)
165 xy−1xz−1y = 1 xz−1x−1z = 1 x2z−1x = 1 BS(2, 1)
166 xy−1xz−1y = 1 xz−1yx−1z = 1 xyz−1x = 1 T
167 xy−1zy xz−1x−1z = 1 x2z−1x = 1 BS(3,−1)
168 xy−1zy = 1 xz−1y−1z = 1 xzy−1x = 1 x = z−1
169 xy−1z2 = 1 xz−2y = 1 x2y−1x = 1 T
170 xy−1z2 = 1 xz−2x = 1 xyx−1y = 1 T
171 xy−1z2 = 1 xz−1xy−1x = 1 xzy = 1 T
172 xy−1zx−1y = 1 xz−1y−1x = 1 x2y−1z = 1 y = x2
173 xy−1zx−1y = 1 xz−1x−1z = 1 x2z−1x = 1 BS(2,−1)
174 xy−1zx−1y = 1 xz−1xy−1z = 1 xzy−1x = 1 T
175 xy−1zx−1z = 1 xz−2x = 1 xyx−1y = 1 BS(1,−1)
176 xy−1zy−1x = 1 xz−1x−1z = 1 xyx−1y = 1 BS(1,−1)
177 xy−1zy−1x = 1 xz−1yx−1z = 1 xyx−1y = 1 BS(1,−1)
178 xy−1zy−1x = 1 xz−1x−1z = 1 xyz−1y = 1 T
179 xy−1zy−1x xz−1xz = 1 xyz−1y = 1 T
180 x(y−1z)2 = 1 (xz−1)2y = 1 x2y−1x = 1 Abelian
181 xz−1x−1y = 1 x(y−1z)2 = 1 xzy−1x = 1 BS(1,−1)
182 xz−1x−1z = 1 xy−1xz−1y = 1 xzy−1x = 1 Abelian
183 xz−1y−1x = 1 xy−1x−1y = 1 xz2 = 1 Abelian
184 xz−1y−1x = 1 xy−1zx−1y = 1 xzx−1z = 1 BS(1,−1)
185 xz−1y−1z = 1 xy−1x−1y = 1 x2y−1x = 1 BS(3, 1)
186 xz−1y−1z = 1 xy−1zy = 1 xzy−1x = 1 T
187 xz−2x = 1 xy−1z−1y = 1 xyz = 1 BS(1,−1)
188 xz−2x = 1 xy−1z2 = 1 xyx−1y = 1 T
189 xz−2x = 1 xy−1zx−1z = 1 xyx−1y = 1 BS(1,−1)
190 xz−2x = 1 xy−1z−1y = 1 xyx−1z = 1 BS(1,−1)
191 xz−2x = 1 xy−1x−1y = 1 xz2 = 1 T
192 xz−2x = 1 xy−1xy = 1 xz2 = 1 T
193 xz−2x = 1 xy−1x−1z = 1 xzx−1y = 1 BS(1,−1)
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194 xz−2x = 1 xy−1x−1y = 1 xzx−1z = 1 T
195 xz−2x = 1 xy−1z−1y = 1 xzx−1z = 1 T
196 xz−2x = 1 xy−1xy = 1 xzx−1z = 1 T
197 xz−2x = 1 xy−1xz−1y = 1 xzx−1z = 1 T
198 xz−2x = 1 xy−1zy = 1 xzx−1z = 1 T
199 xz−2x = 1 xy−1zx−1y = 1 xzx−1z = 1 T
200 xz−2x = 1 xy−1x−1y = 1 xzy−1z = 1 BS(1,−1)
201 xz−2x = 1 xy−1z−1y = 1 xzy−1z = 1 BS(1,−1)
202 xz−2y = 1 xy−2x = 1 xzx−1z = 1 BS(1,−1)
203 xz−1xy = 1 xy−1z2 = 1 xyz−1x = 1 Abelian
204 xz−1xy = 1 xy−1zx−1z = 1 xyz−1x = 1 Abelian
205 xz−1xy = 1 x(y−1z)2 = 1 xzy−1x = 1 BS(1, 2)
206 xz−1xz = 1 xy−1x−1y = 1 x2y−1x = 1 BS(1,−1)
207 xz−1xy−1x = 1 (xy−1)2z = 1 xzy = 1 T
208 xz−1xy−1x = 1 xy−1z2 = 1 xzy = 1 T
209 xz−1xy−1x = 1 xy−1x−1y = 1 xz2 = 1 Abelian
210 xz−1xy−1x = 1 xy−1x−1y = 1 xzx−1z = 1 Abelian
211 xz−1xy−1x = 1 xy−1zx−1y = 1 xzx−1z = 1 BS(1,−1)
212 xz−1xy−1x = 1 xy−1x−1y = 1 xzy−1z = 1 Abelian
213 xz−1xy−1z = 1 xy−1x−1y = 1 x2y−1x = 1 BS(2, 1)
214 xz−1xy−1z = 1 xy−1zx−1y = 1 xzy−1x = 1 T
215 (xz−1)2x = 1 xy−1x−1y = 1 xz2 = 1 T
216 (xz−1)2x = 1 xy−1xy = 1 xz2 = 1 T
217 (xz−1)2x = 1 xy−1x−1y = 1 xzx−1z = 1 T
218 (xz−1)2x = 1 xy−1xy = 1 xzx−1z = 1 T
219 (xz−1)2x = 1 xy−1xz−1y = 1 xzx−1z = 1 T
220 (xz−1)2y = 1 xy−1xz−1x = 1 xyz = 1 T
221 (xz−1)2y = 1 xy−2x = 1 xzx−1z = 1 BS(1,−1)
222 xz−1y2 = 1 xy−2z = 1 x2z−1x = 1 T
223 xz−1y2 = 1 xy−1xz−1x = 1 xyz = 1 T
224 xz−1y2 = 1 xy−2x = 1 xzx−1z = 1 T
225 xz−1yz = 1 xy−1x−1y = 1 x2y−1x = 1 BS(3,−1)
226 xz−1yz = 1 xy−1z−1y = 1 xyz−1x = 1 T
227 xz−1yx−1y = 1 xy−2x = 1 xzx−1z = 1 BS(1,−1)
228 xz−1yx−1z = 1 xy−1x−1y = 1 x2y−1x = 1 BS(2,−1)
229 xz−1yx−1z = 1 xy−1z−1x = 1 x2z−1y = 1 z = x2
230 xz−1yx−1z = 1 xy−1xz−1y = 1 xyz−1x = 1 T
231 xz−1yz−1x = 1 xy−1x−1y = 1 xz2 = 1 Abelian
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232 xz−1yz−1x = 1 xy−1x−1y = 1 xzx−1z = 1 BS(1,−1)
233 xz−1yz−1x = 1 xy−1zx−1y = 1 xzx−1z = 1 BS(1,−1)
234 xz−1yz−1x = 1 xy−1x−1y = 1 xzy−1z = 1 T
235 xz−1yz−1x = 1 xy−1xy = 1 xzy−1z = 1 T
236 y2z−1x = 1 yz−1x−1y = 1 y(x−1z)2 = 1 T
237 y2z−1y = 1 yz−1y−1z = 1 yx−1yz−1x = 1 BS(2, 1)
238 y2z−1y = 1 yz−1yz = 1 yx−1yz−1x = 1 T
239 y2z−1y = 1 yz−1y−1z = 1 yx−1zy−1x = 1 BS(2,−1)
240 y2z−1y = 1 yz−1yz = 1 yx−1zy−1x = 1 T
241 yzx−1y = 1 yz−1y−1x = 1 y(x−1z)2 = 1 BS(1,−1)
242 yzx−1y = 1 yz−1yx−1z = 1 yx−1zy−1x = 1 T
243 yzy−1z = 1 yz−2y = 1 yx−1yz−1x = 1 T
244 yzy−1z = 1 yz−1x−1y = 1 yx−1zy−1x = 1 BS(1,−1)
245 yzy−1z = 1 yz−2y = 1 yx−1zy−1x = 1 T
246 yzy−1z = 1 yz−1xz−1y = 1 yx−1zy−1x = 1 BS(1,−1)
247 yzy−1z = 1 yz−1yx−1y = 1 yx−1zy−1x = 1 BS(1,−1)
248 yx−1yz−1x = 1 yz−1y−1z = 1 y2z−1y = 1 BS(2, 1)
249 yx−1z2 = 1 yz−2x = 1 y2x−1y = 1 T
250 yx−1zy−1x = 1 yz−1y−1z = 1 y2z−1y = 1 BS(2,−1)
251 yx−1zy−1x = 1 yz−1yx−1z = 1 yzx−1y = 1 T
252 yz−1x−1y = 1 yx−1zy−1x = 1 yzy−1z = 1 BS(1,−1)
253 yz−2y = 1 yx−1yz−1x = 1 yzy−1z = 1 T
254 yz−2y = 1 yx−1zy−1x = 1 yzy−1z = 1 T
255 yz−1xz−1y = 1 yx−1zy−1x = 1 yzy−1z = 1 BS(1,−1)
256 yz−1yx−1y = 1 yx−1zy−1x = 1 yzy−1z = 1 BS(1,−1)
257 yz−1yx−1z = 1 yx−1zy−1x = 1 yzx−1y = 1 T
258 (yz−1)2y = 1 yx−1yz−1x = 1 yzy−1z = 1 T
K1,2,2: With the same argument such as about K1,1,3, we see that there are 123 different cases for the relations
of 4 cycles of length 3 with the structure of K1,2,2 as Figure 11 on vertices of degree 4 in Γ. Using GAP [9], a free
group with generators x, y, z and the relations of these 4 cycles which are between 122 cases of these 123 cases is
finite or abelian, that is a contradiction. In the following it can be seen that another case leads to a contradiction
and so, the graph Γ contains no subgraph isomorphic to the graph K1,2,2 on vertices of degree 4 in Γ. Another
case is as follows:
r1 : y
2z−1y = 1, r2 : yz
−1y−1z = 1, r3 : x
−1yz−1xz−1y = 1, r4 : x
−1yx−1zy−1z = 1.
r1 and r3 imply that (y
−2)x = y2 (a), r1 and r4 imply that x
−1yx−1y5 = 1 (b) and r3 and r4 imply that
x−1y−1x−1y3 = 1 (c). By (a) and (c), x−1yx−1y−3 = 1 (d). (d) and (b) lead to y8 = 1, a contradiction.
C4: Suppose that C is a cycle of length 4 in Γ with the vertex set VC = {g1, g2, g3, g4} ⊂ supp(β) such that
degΓ(g) = 4 for all g ∈ VC . Suppose further that T ∈ T (C) and T = [h1, h
′
1, h2, h
′
2, h3, h
′
3, h4, h
′
4]. Remarks 9.5
and 9.6 imply that h1 6= h
′
1 6= h2 6= h
′
2 6= h3 6= h
′
3 6= h4 6= h
′
4 6= h1. Thus, by using GAP [9], it can be seen
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that there exist 834 non-equivalent cases for T . The relations of such non-equivalent cases are listed in Table 7.
Among these cases, cases 1, 455, 698, 799, 829, 834 marked by ”*”s in Table 7 lead to contradictions because each
of these cases leads to G(C) having a non-trivial torsion element and also according to Remark 9.1, the cases
56, 110, 211, 263, 362, 412, 492, 528, 563, 633, 666, 719, 745, 764, 782, 808, 822, 832 marked by ”*”s in Table 7 lead to
contradictions. Hence, there are 810 cases which may lead to the existence of C in Γ.
Table 7. Non-equivalent relations of a cycle of length 4 on vertices of degrees 4 in
Z(α, β) and U(α, β).
n r n r n r
1∗ x4 = 1 2 x3y = 1 3 x3z = 1
4 x3y−1x = 1 5 x3y−1z = 1 6 x3z−1x = 1
7 x3z−1y = 1 8 x2y2 = 1 9 x2yz = 1
10 x2yx−1y = 1 11 x2yx−1z = 1 12 x2yz−1x = 1
13 x2yz−1y = 1 14 x2zy = 1 15 x2z2 = 1
16 x2zx−1y = 1 17 x2zx−1z = 1 18 x2zy−1x = 1
19 x2zy−1z = 1 20 x2y−1x−1y = 1 21 x2y−1x−1z = 1
22 x2y−2x = 1 23 x2y−2z = 1 24 x2y−1z−1x = 1
25 x2y−1z−1y = 1 26 x2y−1xy = 1 27 x2y−1xz = 1
28 x(xy−1)2x = 1 29 x(xy−1)2z = 1 30 x2y−1xz−1x = 1
31 x2y−1xz−1y = 1 32 x2y−1zy = 1 33 x2y−1z2 = 1
34 x2y−1zx−1y = 1 35 x2y−1zx−1z = 1 36 x2y−1zy−1x = 1
37 x2(y−1z)2 = 1 38 x2z−1x−1y = 1 39 x2z−1x−1z = 1
40 x2z−1y−1x = 1 41 x2z−1y−1z = 1 42 x2z−2x = 1
43 x2z−2y = 1 44 x2z−1xy = 1 45 x2z−1xz = 1
46 x2z−1xy−1x = 1 47 x2z−1xy−1z = 1 48 x(xz−1)2x = 1
49 x(xz−1)2y = 1 50 x2z−1y2 = 1 51 x2z−1yz = 1
52 x2z−1yx−1y = 1 53 x2z−1yx−1z = 1 54 x2z−1yz−1x = 1
55 x2(z−1y)2 = 1 56∗ (xy)2 = 1 57 xyxz = 1
58 xyxy−1x = 1 59 xyxy−1z = 1 60 xyxz−1x = 1
61 xyxz−1y = 1 62 xy3 = 1 63 xy2z = 1
64 xy2x−1y = 1 65 xy2x−1z = 1 66 xy2z−1x = 1
67 xy2z−1y = 1 68 xyzy = 1 69 xyz2 = 1
70 xyzx−1y = 1 71 xyzx−1z = 1 72 xyzy−1x = 1
73 xyzy−1z = 1 74 xyx−2y = 1 75 xyx−2z = 1
76 xyx−1y−1x = 1 77 xyx−1y−1z = 1 78 xyx−1z−1x = 1
79 xyx−1z−1y = 1 80 xyx−1y2 = 1 81 xyx−1yz = 1
82 x(yx−1)2y = 1 83 x(yx−1)2z = 1 84 xyx−1yz−1x = 1
85 xyx−1yz−1y = 1 86 xyx−1zy = 1 87 xyx−1z2 = 1
88 xyx−1zx−1y = 1 89 xy(x−1z)2 = 1 90 xyx−1zy−1x = 1
91 xyx−1zy−1z = 1 92 xyz−1x−1y = 1 93 xyz−1x−1z = 1
94 xyz−1y−1x = 1 95 xyz−1y−1z = 1 96 xyz−2x = 1
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97 xyz−2y = 1 98 xyz−1xy = 1 99 xyz−1xz = 1
100 xyz−1xy−1x = 1 101 xyz−1xy−1z = 1 102 xy(z−1x)2 = 1
103 xyz−1xz−1y = 1 104 xyz−1y2 = 1 105 xyz−1yz = 1
106 xyz−1yx−1y = 1 107 xyz−1yx−1z = 1 108 x(yz−1)2x = 1
109 x(yz−1)2y = 1 110∗ (xz)2 = 1 111 xzxy−1x = 1
112 xzxy−1z = 1 113 xzxz−1x = 1 114 xzxz−1y = 1
115 xzy2 = 1 116 xzyz = 1 117 xzyx−1y = 1
118 xzyx−1z = 1 119 xzyz−1x = 1 120 xzyz−1y = 1
121 xz2y = 1 122 xz3 = 1 123 xz2x−1y = 1
124 xz2x−1z = 1 125 xz2y−1x = 1 126 xz2y−1z = 1
127 xzx−2y = 1 128 xzx−2z = 1 129 xzx−1y−1x = 1
130 xzx−1y−1z = 1 131 xzx−1z−1x = 1 132 xzx−1z−1y = 1
133 xzx−1y2 = 1 134 xzx−1yz = 1 135 xz(x−1y)2 = 1
136 xzx−1yx−1z = 1 137 xzx−1yz−1x = 1 138 xzx−1yz−1y = 1
139 xzx−1zy = 1 140 xzx−1z2 = 1 141 x(zx−1)2y = 1
142 x(zx−1)2z = 1 143 xzx−1zy−1x = 1 144 xzx−1zy−1z = 1
145 xzy−1x−1y = 1 146 xzy−1x−1z = 1 147 xzy−2x = 1
148 xzy−2z = 1 149 xzy−1z−1x = 1 150 xzy−1z−1y = 1
151 xzy−1xy = 1 152 xzy−1xz = 1 153 xz(y−1x)2 = 1
154 xzy−1xy−1z = 1 155 xzy−1xz−1x = 1 156 xzy−1xz−1y = 1
157 xzy−1zy = 1 158 xzy−1z2 = 1 159 xzy−1zx−1y = 1
160 xzy−1zx−1z = 1 161 x(zy−1)2x = 1 162 x(zy−1)2z = 1
163 xy−1x−1y2 = 1 164 xy−1x−1yz = 1 165 xy−1(x−1y)2 = 1
166 xy−1x−1yx−1z = 1 167 xy−1x−1yz−1x = 1 168 xy−1x−1yz−1y = 1
169 xy−1x−1zy = 1 170 xy−1x−1z2 = 1 171 xy−1x−1zx−1y = 1
172 xy−1(x−1z)2 = 1 173 xy−1x−1zy−1x = 1 174 xy−1x−1zy−1z = 1
175 xy−2x−1y = 1 176 xy−2x−1z = 1 177 xy−3x = 1
178 xy−3z = 1 179 xy−2z−1x = 1 180 xy−2z−1y = 1
181 xy−2xy = 1 182 xy−2xz = 1 183 xy−1(y−1x)2 = 1
184 xy−2xy−1z = 1 185 xy−2xz−1x = 1 186 xy−2xz−1y = 1
187 xy−2zy = 1 188 xy−2z2 = 1 189 xy−2zx−1y = 1
190 xy−2zx−1z = 1 191 xy−2zy−1x = 1 192 xy−1(y−1z)2 = 1
193 xy−1z−1x−1y = 1 194 xy−1z−1x−1z = 1 195 xy−1z−1y−1x = 1
196 xy−1z−1y−1z = 1 197 xy−1z−2x = 1 198 xy−1z−2y = 1
199 xy−1z−1xy = 1 200 xy−1z−1xz = 1 201 xy−1z−1xy−1x = 1
202 xy−1z−1xy−1z = 1 203 xy−1(z−1x)2 = 1 204 xy−1z−1xz−1y = 1
205 xy−1z−1y2 = 1 206 xy−1z−1yz = 1 207 xy−1z−1yx−1y = 1
208 xy−1z−1yx−1z = 1 209 xy−1z−1yz−1x = 1 210 xy−1(z−1y)2 = 1
211∗ (xy−1x)2 = 1 212 xy−1x2y−1z = 1 213 xy−1x2z−1x = 1
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214 xy−1x2z−1y = 1 215 xy−1xy2 = 1 216 xy−1xyz = 1
217 xy−1xyx−1y = 1 218 xy−1xyx−1z = 1 219 xy−1xyz−1x = 1
220 xy−1xyz−1y = 1 221 xy−1xzy = 1 222 xy−1xz2 = 1
223 xy−1xzx−1y = 1 224 xy−1xzx−1z = 1 225 xy−1xzy−1x = 1
226 xy−1xzy−1z = 1 227 (xy−1)2x−1y = 1 228 (xy−1)2x−1z = 1
229 (xy−1)2y−1x = 1 230 (xy−1)2y−1z = 1 231 (xy−1)2z−1x = 1
232 (xy−1)2z−1y = 1 233 (xy−1)2xy = 1 234 (xy−1)2xz = 1
235 (xy−1)3x = 1 236 (xy−1)3z = 1 237 (xy−1)2xz−1x = 1
238 (xy−1)2xz−1y = 1 239 (xy−1)2zy = 1 240 (xy−1)2z2 = 1
241 (xy−1)2zx−1y = 1 242 (xy−1)2zx−1z = 1 243 (xy−1)2zy−1x = 1
244 (xy−1)2zy−1z = 1 245 xy−1xz−1x−1y = 1 246 xy−1xz−1x−1z = 1
247 xy−1xz−1y−1x = 1 248 xy−1xz−1y−1z = 1 249 xy−1xz−2x = 1
250 xy−1xz−2y = 1 251 xy−1xz−1xy = 1 252 xy−1xz−1xz = 1
253 xy−1xz−1xy−1x = 1 254 xy−1xz−1xy−1z = 1 255 xy−1(xz−1)2x = 1
256 xy−1(xz−1)2y = 1 257 xy−1xz−1y2 = 1 258 xy−1xz−1yz = 1
259 xy−1xz−1yx−1y = 1 260 xy−1xz−1yx−1z = 1 261 xy−1xz−1yz−1x = 1
262 xy−1x(z−1y)2 = 1 263∗ (xy−1z)2 = 1 264 xy−1zxz−1x = 1
265 xy−1zxz−1y = 1 266 xy−1zy2 = 1 267 xy−1zyz = 1
268 xy−1zyx−1y = 1 269 xy−1zyx−1z = 1 270 xy−1zyz−1x = 1
271 xy−1zyz−1y = 1 272 xy−1z2y = 1 273 xy−1z3 = 1
274 xy−1z2x−1y = 1 275 xy−1z2x−1z = 1 276 xy−1z2y−1x = 1
277 xy−1z2y−1z = 1 278 xy−1zx−2y = 1 279 xy−1zx−2z = 1
280 xy−1zx−1y−1x = 1 281 xy−1zx−1y−1z = 1 282 xy−1zx−1z−1x = 1
283 xy−1zx−1z−1y = 1 284 xy−1zx−1y2 = 1 285 xy−1zx−1yz = 1
286 xy−1z(x−1y)2 = 1 287 xy−1zx−1yx−1z = 1 288 xy−1zx−1yz−1x = 1
289 xy−1zx−1yz−1y = 1 290 xy−1zx−1zy = 1 291 xy−1zx−1z2 = 1
292 xy−1(zx−1)2y = 1 293 xy−1(zx−1)2z = 1 294 xy−1zx−1zy−1x = 1
295 xy−1zx−1zy−1z = 1 296 xy−1zy−1x−1y = 1 297 xy−1zy−1x−1z = 1
298 xy−1zy−2x = 1 299 xy−1zy−2z = 1 300 xy−1zy−1z−1x = 1
301 xy−1zy−1z−1y = 1 302 xy−1zy−1xy = 1 303 xy−1zy−1xz = 1
304 xy−1z(y−1x)2 = 1 305 xy−1zy−1xy−1z = 1 306 xy−1zy−1xz−1x = 1
307 xy−1zy−1xz−1y = 1 308 x(y−1z)2y = 1 309 x(y−1z)2z = 1
310 x(y−1z)2x−1y = 1 311 x(y−1z)2x−1z = 1 312 x(y−1z)2y−1x = 1
313 x(y−1z)3 = 1 314 xz−1x−1y2 = 1 315 xz−1x−1yz = 1
316 xz−1(x−1y)2 = 1 317 xz−1x−1yx−1z = 1 318 xz−1x−1yz−1x = 1
319 xz−1x−1yz−1y = 1 320 xz−1x−1zy = 1 321 xz−1x−1z2 = 1
322 xz−1x−1zx−1y = 1 323 xz−1(x−1z)2 = 1 324 xz−1x−1zy−1x = 1
325 xz−1x−1zy−1z = 1 326 xz−1y−1x−1y = 1 327 xz−1y−1x−1z = 1
328 xz−1y−2x = 1 329 xz−1y−2z = 1 330 xz−1y−1z−1x = 1
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331 xz−1y−1z−1y = 1 332 xz−1y−1xy = 1 333 xz−1y−1xz = 1
334 xz−1(y−1x)2 = 1 335 xz−1y−1xy−1z = 1 336 xz−1y−1xz−1x = 1
337 xz−1y−1xz−1y = 1 338 xz−1y−1zy = 1 339 xz−1y−1z2 = 1
340 xz−1y−1zx−1y = 1 341 xz−1y−1zx−1z = 1 342 xz−1y−1zy−1x = 1
343 xz−1(y−1z)2 = 1 344 xz−2x−1y = 1 345 xz−2x−1z = 1
346 xz−2y−1x = 1 347 xz−2y−1z = 1 348 xz−3x = 1
349 xz−3y = 1 350 xz−2xy = 1 351 xz−2xz = 1
352 xz−2xy−1x = 1 353 xz−2xy−1z = 1 354 xz−1(z−1x)2 = 1
355 xz−2xz−1y = 1 356 xz−2y2 = 1 357 xz−2yz = 1
358 xz−2yx−1y = 1 359 xz−2yx−1z = 1 360 xz−2yz−1x = 1
361 xz−1(z−1y)2 = 1 362∗ (xz−1x)2 = 1 363 xz−1x2z−1y = 1
364 xz−1xy2 = 1 365 xz−1xyz = 1 366 xz−1xyx−1y = 1
367 xz−1xyx−1z = 1 368 xz−1xyz−1x = 1 369 xz−1xyz−1y = 1
370 xz−1xzy = 1 371 xz−1xz2 = 1 372 xz−1xzx−1y = 1
373 xz−1xzx−1z = 1 374 xz−1xzy−1x = 1 375 xz−1xzy−1z = 1
376 xz−1xy−1x−1y = 1 377 xz−1xy−1x−1z = 1 378 xz−1xy−2x = 1
379 xz−1xy−2z = 1 380 xz−1xy−1z−1x = 1 381 xz−1xy−1z−1y = 1
382 xz−1xy−1xy = 1 383 xz−1xy−1xz = 1 384 xz−1(xy−1)2x = 1
385 xz−1(xy−1)2z = 1 386 xz−1xy−1xz−1x = 1 387 xz−1xy−1xz−1y = 1
388 xz−1xy−1zy = 1 389 xz−1xy−1z2 = 1 390 xz−1xy−1zx−1y = 1
391 xz−1xy−1zx−1z = 1 392 xz−1xy−1zy−1x = 1 393 xz−1x(y−1z)2 = 1
394 (xz−1)2x−1y = 1 395 (xz−1)2x−1z = 1 396 (xz−1)2y−1x = 1
397 (xz−1)2y−1z = 1 398 (xz−1)2z−1x = 1 399 (xz−1)2z−1y = 1
400 (xz−1)2xy = 1 401 (xz−1)2xz = 1 402 (xz−1)2xy−1x = 1
403 (xz−1)2xy−1z = 1 404 (xz−1)3x = 1 405 (xz−1)3y = 1
406 (xz−1)2y2 = 1 407 (xz−1)2yz = 1 408 (xz−1)2yx−1y = 1
409 (xz−1)2yx−1z = 1 410 (xz−1)2yz−1x = 1 411 (xz−1)2yz−1y = 1
412∗ (xz−1y)2 = 1 413 xz−1y3 = 1 414 xz−1y2z = 1
415 xz−1y2x−1y = 1 416 xz−1y2x−1z = 1 417 xz−1y2z−1x = 1
418 xz−1y2z−1y = 1 419 xz−1yzy = 1 420 xz−1yz2 = 1
421 xz−1yzx−1y = 1 422 xz−1yzx−1z = 1 423 xz−1yzy−1x = 1
424 xz−1yzy−1z = 1 425 xz−1yx−1y2 = 1 426 xz−1yx−1yz = 1
427 xz−1(yx−1)2y = 1 428 xz−1(yx−1)2z = 1 429 xz−1yx−1yz−1x = 1
430 xz−1yx−1yz−1y = 1 431 xz−1yx−1zy = 1 432 xz−1yx−1z2 = 1
433 xz−1yx−1zx−1y = 1 434 xz−1y(x−1z)2 = 1 435 xz−1yx−1zy−1x = 1
436 xz−1yx−1zy−1z = 1 437 xz−1yz−1x−1y = 1 438 xz−1yz−1x−1z = 1
439 xz−1yz−1y−1x = 1 440 xz−1yz−1y−1z = 1 441 xz−1yz−2x = 1
442 xz−1yz−2y = 1 443 xz−1yz−1xy = 1 444 xz−1yz−1xz = 1
445 xz−1yz−1xy−1x = 1 446 xz−1yz−1xy−1z = 1 447 xz−1y(z−1x)2 = 1
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448 xz−1yz−1xz−1y = 1 449 x(z−1y)2y = 1 450 x(z−1y)2z = 1
451 x(z−1y)2x−1y = 1 452 x(z−1y)2x−1z = 1 453 x(z−1y)2z−1x = 1
454 x(z−1y)3 = 1 455∗ y4 = 1 456 y3z = 1
457 y3x−1y = 1 458 y3x−1z = 1 459 y3z−1x = 1
460 y3z−1y = 1 461 y2z2 = 1 462 y2zx−1y = 1
463 y2zx−1z = 1 464 y2zy−1x = 1 465 y2zy−1z = 1
466 y2x−1yz = 1 467 y(yx−1)2y = 1 468 y(yx−1)2z = 1
469 y2x−1yz−1x = 1 470 y2x−1yz−1y = 1 471 y2x−1z2 = 1
472 y2x−1zx−1y = 1 473 y2(x−1z)2 = 1 474 y2x−1zy−1x = 1
475 y2x−1zy−1z = 1 476 y2z−1x−1y = 1 477 y2z−1x−1z = 1
478 y2z−1y−1x = 1 479 y2z−1y−1z = 1 480 y2z−2x = 1
481 y2z−2y = 1 482 y2z−1xz = 1 483 y2z−1xy−1x = 1
484 y2z−1xy−1z = 1 485 y2(z−1x)2 = 1 486 y2z−1xz−1y = 1
487 y2z−1yz = 1 488 y2z−1yx−1y = 1 489 y2z−1yx−1z = 1
490 y(yz−1)2x = 1 491 y(yz−1)2y = 1 492∗ (yz)2 = 1
493 yzyx−1y = 1 494 yzyx−1z = 1 495 yzyz−1x = 1
496 yzyz−1y = 1 497 yz3 = 1 498 yz2x−1y = 1
499 yz2x−1z = 1 500 yz2y−1x = 1 501 yz2y−1z = 1
502 yzx−1yz = 1 503 yz(x−1y)2 = 1 504 yzx−1yx−1z = 1
505 yzx−1yz−1x = 1 506 yzx−1yz−1y = 1 507 yzx−1z2 = 1
508 y(zx−1)2y = 1 509 y(zx−1)2z = 1 510 yzx−1zy−1x = 1
511 yzx−1zy−1z = 1 512 yzy−1x−1y = 1 513 yzy−1x−1z = 1
514 yzy−2x = 1 515 yzy−2z = 1 516 yzy−1z−1x = 1
517 yzy−1z−1y = 1 518 yzy−1xz = 1 519 yz(y−1x)2 = 1
520 yzy−1xy−1z = 1 521 yzy−1xz−1x = 1 522 yzy−1xz−1y = 1
523 yzy−1z2 = 1 524 yzy−1zx−1y = 1 525 yzy−1zx−1z = 1
526 y(zy−1)2x = 1 527 y(zy−1)2z = 1 528∗ (yx−1y)2 = 1
529 yx−1y2x−1z = 1 530 yx−1y2z−1x = 1 531 yx−1y2z−1y = 1
532 yx−1yz2 = 1 533 yx−1yzx−1y = 1 534 yx−1yzx−1z = 1
535 yx−1yzy−1x = 1 536 yx−1yzy−1z = 1 537 (yx−1)2yz = 1
538 (yx−1)3y = 1 539 (yx−1)3z = 1 540 (yx−1)2yz−1x = 1
541 (yx−1)2yz−1y = 1 542 (yx−1)2z2 = 1 543 (yx−1)2zx−1y = 1
544 (yx−1)2zx−1z = 1 545 (yx−1)2zy−1x = 1 546 (yx−1)2zy−1z = 1
547 yx−1yz−1x−1y = 1 548 yx−1yz−1x−1z = 1 549 yx−1yz−1y−1x = 1
550 yx−1yz−1y−1z = 1 551 yx−1yz−2x = 1 552 yx−1yz−2y = 1
553 yx−1yz−1xz = 1 554 yx−1yz−1xy−1x = 1 555 yx−1yz−1xy−1z = 1
556 yx−1y(z−1x)2 = 1 557 yx−1yz−1xz−1y = 1 558 yx−1yz−1yz = 1
559 yx−1yz−1yx−1y = 1 560 yx−1yz−1yx−1z = 1 561 yx−1(yz−1)2x = 1
562 yx−1(yz−1)2y = 1 563∗ (yx−1z)2 = 1 564 yx−1zyz−1x = 1
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565 yx−1zyz−1y = 1 566 yx−1z3 = 1 567 yx−1z2x−1y = 1
568 yx−1z2x−1z = 1 569 yx−1z2y−1x = 1 570 yx−1z2y−1z = 1
571 yx−1zx−1yz = 1 572 yx−1z(x−1y)2 = 1 573 yx−1zx−1yx−1z = 1
574 yx−1zx−1yz−1x = 1 575 yx−1zx−1yz−1y = 1 576 y(x−1z)2z = 1
577 y(x−1z)2x−1y = 1 578 y(x−1z)3 = 1 579 y(x−1z)2y−1x = 1
580 y(x−1z)2y−1z = 1 581 yx−1zy−1x−1y = 1 582 yx−1zy−1x−1z = 1
583 yx−1zy−2x = 1 584 yx−1zy−2z = 1 585 yx−1zy−1z−1x = 1
586 yx−1zy−1z−1y = 1 587 yx−1zy−1xz = 1 588 yx−1z(y−1x)2 = 1
589 yx−1zy−1xy−1z = 1 590 yx−1zy−1xz−1x = 1 591 yx−1zy−1xz−1y = 1
592 yx−1zy−1z2 = 1 593 yx−1zy−1zx−1y = 1 594 yx−1zy−1zx−1z = 1
595 yx−1(zy−1)2x = 1 596 yx−1(zy−1)2z = 1 597 yz−1x−1yz = 1
598 yz−1(x−1y)2 = 1 599 yz−1x−1yx−1z = 1 600 yz−1x−1yz−1x = 1
601 yz−1x−1yz−1y = 1 602 yz−1x−1z2 = 1 603 yz−1x−1zx−1y = 1
604 yz−1(x−1z)2 = 1 605 yz−1x−1zy−1x = 1 606 yz−1x−1zy−1z = 1
607 yz−1y−1xz = 1 608 yz−1(y−1x)2 = 1 609 yz−1y−1xy−1z = 1
610 yz−1y−1xz−1x = 1 611 yz−1y−1xz−1y = 1 612 yz−1y−1z2 = 1
613 yz−1y−1zx−1y = 1 614 yz−1y−1zx−1z = 1 615 yz−1y−1zy−1x = 1
616 yz−1(y−1z)2 = 1 617 yz−2x−1y = 1 618 yz−2x−1z = 1
619 yz−2y−1x = 1 620 yz−2y−1z = 1 621 yz−3x = 1
622 yz−3y = 1 623 yz−2xz = 1 624 yz−2xy−1x = 1
625 yz−2xy−1z = 1 626 yz−1(z−1x)2 = 1 627 yz−2xz−1y = 1
628 yz−2yz = 1 629 yz−2yx−1y = 1 630 yz−2yx−1z = 1
631 yz−2yz−1x = 1 632 yz−1(z−1y)2 = 1 633∗ (yz−1x)2 = 1
634 yz−1xyz−1y = 1 635 yz−1xz2 = 1 636 yz−1xzx−1y = 1
637 yz−1xzx−1z = 1 638 yz−1xzy−1x = 1 639 yz−1xzy−1z = 1
640 yz−1xy−1xz = 1 641 yz−1(xy−1)2x = 1 642 yz−1(xy−1)2z = 1
643 yz−1xy−1xz−1x = 1 644 yz−1xy−1xz−1y = 1 645 yz−1xy−1z2 = 1
646 yz−1xy−1zx−1y = 1 647 yz−1xy−1zx−1z = 1 648 yz−1xy−1zy−1x = 1
649 yz−1x(y−1z)2 = 1 650 yz−1xz−1x−1y = 1 651 yz−1xz−1x−1z = 1
652 yz−1xz−1y−1x = 1 653 yz−1xz−1y−1z = 1 654 yz−1xz−2x = 1
655 yz−1xz−2y = 1 656 y(z−1x)2z = 1 657 y(z−1x)2y−1x = 1
658 y(z−1x)2y−1z = 1 659 y(z−1x)3 = 1 660 y(z−1x)2z−1y = 1
661 yz−1xz−1yz = 1 662 yz−1xz−1yx−1y = 1 663 yz−1xz−1yx−1z = 1
664 yz−1xz−1yz−1x = 1 665 yz−1x(z−1y)2 = 1 666∗ (yz−1y)2 = 1
667 yz−1yz2 = 1 668 yz−1yzx−1y = 1 669 yz−1yzx−1z = 1
670 yz−1yzy−1x = 1 671 yz−1yzy−1z = 1 672 yz−1yx−1yz = 1
673 yz−1(yx−1)2y = 1 674 yz−1(yx−1)2z = 1 675 yz−1yx−1yz−1x = 1
676 yz−1yx−1yz−1y = 1 677 yz−1yx−1z2 = 1 678 yz−1yx−1zx−1y = 1
679 yz−1y(x−1z)2 = 1 680 yz−1yx−1zy−1x = 1 681 yz−1yx−1zy−1z = 1
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682 (yz−1)2x−1y = 1 683 (yz−1)2x−1z = 1 684 (yz−1)2y−1x = 1
685 (yz−1)2y−1z = 1 686 (yz−1)2z−1x = 1 687 (yz−1)2z−1y = 1
688 (yz−1)2xz = 1 689 (yz−1)2xy−1x = 1 690 (yz−1)2xy−1z = 1
691 (yz−1)2xz−1x = 1 692 (yz−1)2xz−1y = 1 693 (yz−1)2yz = 1
694 (yz−1)2yx−1y = 1 695 (yz−1)2yx−1z = 1 696 (yz−1)3x = 1
697 (yz−1)3y = 1 698∗ z4 = 1 699 z3x−1y = 1
700 z3x−1z = 1 701 z3y−1x = 1 702 z3y−1z = 1
703 z2(x−1y)2 = 1 704 z2x−1yx−1z = 1 705 z2x−1yz−1x = 1
706 z2x−1yz−1y = 1 707 z(zx−1)2y = 1 708 z(zx−1)2z = 1
709 z2x−1zy−1x = 1 710 z2x−1zy−1z = 1 711 z2(y−1x)2 = 1
712 z2y−1xy−1z = 1 713 z2y−1xz−1x = 1 714 z2y−1xz−1y = 1
715 z2y−1zx−1y = 1 716 z2y−1zx−1z = 1 717 z(zy−1)2x = 1
718 z(zy−1)2z = 1 719∗ (zx−1y)2 = 1 720 zx−1yzx−1z = 1
721 zx−1yzy−1x = 1 722 zx−1yzy−1z = 1 723 z(x−1y)3 = 1
724 z(x−1y)2x−1z = 1 725 z(x−1y)2z−1x = 1 726 z(x−1y)2z−1y = 1
727 zx−1yx−1zx−1y = 1 728 zx−1y(x−1z)2 = 1 729 zx−1yx−1zy−1x = 1
730 zx−1yx−1zy−1z = 1 731 zx−1yz−1x−1y = 1 732 zx−1yz−1x−1z = 1
733 zx−1yz−1y−1x = 1 734 zx−1yz−1y−1z = 1 735 zx−1yz−2x = 1
736 zx−1yz−2y = 1 737 zx−1yz−1xy−1x = 1 738 zx−1yz−1xy−1z = 1
739 zx−1y(z−1x)2 = 1 740 zx−1yz−1xz−1y = 1 741 zx−1yz−1yx−1y = 1
742 zx−1yz−1yx−1z = 1 743 zx−1(yz−1)2x = 1 744 zx−1(yz−1)2y = 1
745∗ (zx−1z)2 = 1 746 zx−1z2y−1x = 1 747 zx−1z2y−1z = 1
748 (zx−1)2yx−1y = 1 749 (zx−1)2yx−1z = 1 750 (zx−1)2yz−1x = 1
751 (zx−1)2yz−1y = 1 752 (zx−1)3y = 1 753 (zx−1)3z = 1
754 (zx−1)2zy−1x = 1 755 (zx−1)2zy−1z = 1 756 zx−1z(y−1x)2 = 1
757 zx−1zy−1xy−1z = 1 758 zx−1zy−1xz−1x = 1 759 zx−1zy−1xz−1y = 1
760 zx−1zy−1zx−1y = 1 761 zx−1zy−1zx−1z = 1 762 zx−1(zy−1)2x = 1
763 zx−1(zy−1)2z = 1 764∗ (zy−1x)2 = 1 765 zy−1xzy−1z = 1
766 z(y−1x)3 = 1 767 z(y−1x)2y−1z = 1 768 z(y−1x)2z−1x = 1
769 z(y−1x)2z−1y = 1 770 zy−1xy−1zx−1y = 1 771 zy−1xy−1zx−1z = 1
772 zy−1xy−1zy−1x = 1 773 zy−1x(y−1z)2 = 1 774 zy−1xz−1xy−1x = 1
775 zy−1xz−1xy−1z = 1 776 zy−1(xz−1)2x = 1 777 zy−1(xz−1)2y = 1
778 zy−1xz−1yx−1y = 1 779 zy−1xz−1yx−1z = 1 780 zy−1xz−1yz−1x = 1
781 zy−1x(z−1y)2 = 1 782∗ (zy−1z)2 = 1 783 zy−1z(x−1y)2 = 1
784 zy−1zx−1yx−1z = 1 785 zy−1zx−1yz−1x = 1 786 zy−1zx−1yz−1y = 1
787 zy−1(zx−1)2y = 1 788 zy−1(zx−1)2z = 1 789 zy−1zx−1zy−1x = 1
790 zy−1zx−1zy−1z = 1 791 (zy−1)2xy−1x = 1 792 (zy−1)2xy−1z = 1
793 (zy−1)2xz−1x = 1 794 (zy−1)2xz−1y = 1 795 (zy−1)2zx−1y = 1
796 (zy−1)2zx−1z = 1 797 (zy−1)3x = 1 798 (zy−1)3z = 1
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Γ1 Γ2 Γ3 Γ4
Figure 12. The graph Γ1 and some forbidden subgraphs which contains it, where the
degrees of all vertices of any subgraph in Z(α, β) and U(α, β) must be 4.
Table 7 – continued from previous page
n r n r n r
799∗ (x−1y)4 = 1 800 (x−1y)3x−1z = 1 801 (x−1y)3z−1y = 1
802 (x−1y)2(x−1z)2 = 1 803 (x−1y)2x−1zy−1z = 1 804 (x−1y)2z−1xy−1z = 1
805 (x−1y)2z−1xz−1y = 1 806 (x−1y)2z−1yx−1z = 1 807 (x−1y)2(z−1y)2 = 1
808∗ (x−1yx−1z)2 = 1 809 x−1yx−1zx−1yz−1y = 1 810 x−1y(x−1z)3 = 1
811 x−1y(x−1z)2y−1z = 1 812 x−1yx−1zy−1xy−1z = 1 813 x−1yx−1zy−1xz−1y = 1
814 x−1yx−1zy−1zx−1z = 1 815 x−1yx−1(zy−1)2z = 1 816 x−1yz−1xy−1zx−1z = 1
817 x−1yz−1x(y−1z)2 = 1 818 x−1y(z−1x)2y−1z = 1 819 x−1y(z−1x)2z−1y = 1
820 x−1yz−1xz−1yx−1z = 1 821 x−1yz−1x(z−1y)2 = 1 822∗ (x−1yz−1y)2 = 1
823 x−1yz−1y(x−1z)2 = 1 824 x−1yz−1yx−1zy−1z = 1 825 x−1(yz−1)2xy−1z = 1
826 x−1(yz−1)2xz−1y = 1 827 x−1(yz−1)2yx−1z = 1 828 x−1(yz−1)3y = 1
829∗ (x−1z)4 = 1 830 (x−1z)3y−1z = 1 831 (x−1z)2(y−1z)2 = 1
832∗ (x−1zy−1z)2 = 1 833 x−1(zy−1)3z = 1 834∗ (y−1z)4 = 1
Γ1 of Figure 12: Taking into account the relations from Table 5, it can be seen that there are 9623 different cases
for the relations of 4 cycles of length 3 on vertices of degree 4 in Γ with the structure of the graph Γ1 as Figure
12. Using GAP [9], a free group with generators x, y, z and the relations of these 4 cycles which are between 9380
cases of these 9623 cases is finite or abelian, that is a contradiction. Hence, there are 243 cases which may lead
to the existence of Γ1 in Γ. We checked these such cases. In Table 8, it can be seen that 166 cases among these
243 cases lead to contradictions and so there are just 77 cases which may lead to the existence of Γ1 in Γ which
listed in Table 9.
Table 8. The relations of 4 cycles of length 3 on vertices of degree 4 in Z(α, β) and
U(α, β) with the structure of Γ1 as Figure 12 which lead to contradictions.
n r1, r2, r3, r4 E
1 xz−2x = 1, xy2 = 1, (xz−1)2x = 1, xy−1x−1y = 1 x = z
2 xz−2x = 1, xy2 = 1, (xz−1)2x = 1, xy−1xy = 1 x = z
3 xz−2x = 1, xyx−1y = 1, (xz−1)2x = 1, xy−1x−1y = 1 T
4 xz−2x = 1, xyx−1y = 1, (xz−1)2x = 1, xy−1xy = 1 x = z
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n r1, r2, r3, r4 E
5 xy−2x = 1, xz2 = 1, (xy−1)2x = 1, xz−1x−1z = 1 x = y
6 xy−2x = 1, xzx−1z = 1, (xy−1)2x = 1, xz−1x−1z = 1 x = y
7 xz−1xz = 1, xy−1x−1y = 1, z2x−1z = 1, (zy−1)2x = 1 T
8 xz−1xz = 1, xy−1xy = 1, z2x−1z = 1, (zy−1)2x = 1 T
9 xz−2y = 1, (xy−1)2z = 1, xz−1yx−1y = 1, xy−1z2 = 1 T
10 yz−2x = 1, (yx−1)2z = 1, yz−1xy−1x = 1, yx−1z2 = 1 T
11 xy2 = 1, xz−1x−1z = 1, xyx−1y = 1, xz−2x = 1 x = z
12 xy2 = 1, xz−1x−1z = 1, xyx−1y = 1, (xz−1)2x = 1 T
13 xy2 = 1, xz−1xz = 1, xyx−1y = 1, (xz−1)2x = 1 T
14 xy2 = 1, xz−1xz = 1, xyx−1y = 1, xz−2x = 1 T
15 xz2 = 1, xy−1x−1y = 1, xzx−1z = 1, xy−2x = 1 T
16 xz2 = 1, xy−1x−1y = 1, xzx−1z = 1, (xy−1)2x = 1 T
17 xz2 = 1, xy−1xy = 1, xzx−1z = 1, (xy−1)2x = 1 T
18 xy−2z = 1, (xz−1)2y = 1, xy−1zx−1z = 1, xz−1y2 = 1 T
19 xy−1xy = 1, xz−1x−1z = 1, y2x−1y = 1, (yz−1)2x = 1 T
20 xy−1xy = 1, xz−1xz = 1, y2x−1y = 1, (yz−1)2x = 1 T
21 xy−2x = 1, xz2 = 1, (xy−1)2x = 1, xz−1xz = 1 T
22 xy−2x = 1, xzx−1z = 1, (xy−1)2x = 1, xz−1xz = 1 x = y
23 xz2 = 1, xy−1xy = 1, xzx−1z = 1, xy−2x = 1 T
24 xz−1x−1z = 1, x2z−1x = 1, yx−1zy−1x = 1, yz−1y−1z = 1 BS(1,−2)
25 xz−1x−1z = 1, x2z−1x = 1, yx−1zy−1z = 1, yz−1y−1x = 1 BS(1, 3)
26 xz−1x−1z = 1, x2z−1x = 1, x−1yx−1zy−1z = 1, x−1yz−1xz−1y = 1 T
27 xz−1x−1z = 1, xyx−1y = 1, yx−1zx−1y = 1, yz−1y−1z = 1 BS(1,−1)
28 xz−2x = 1, xyx−1y = 1, x−1yz−1xz−1y = 1, x−1yx−1zy−1z = 1 T
29 xy−1zy−1x = 1, xyx−1z = 1, (xy−1)2z = 1, xzx−1y = 1 Abelian
30 xy−1z2 = 1, xyz−1x = 1, xzy−1z = 1, xy−1x−1y = 1 Abelian
31 xz−1y2 = 1, xyz−1x = 1, xyz−1x = 1, xz−1y−1z = 1 Abelian
32 xz−1y2 = 1, xyz−1x = 1, xyz−1y = 1, xz−1x−1z = 1 Abelian
33 xz−1y2 = 1, xyz−1x = 1, xyz−1y = 1, xz−1y−1z = 1 Abelian
34 xz−1yz−1x = 1, xzy = 1, (xz−1)2y = 1, xyz = 1 Abelian
35 xz−1yz−1x = 1, xzx−1y = 1, (xz−1)2y = 1, xyx−1z = 1 Abelian
36 xy−1x−1y = 1, xzx−1z = 1, (yx−1)2y = 1, y(z−1x)2 = 1 T
37 xy−1zx−1y = 1, xzx−1z = 1, (yx−1)2y = 1, yzy−1z = 1 Abelian
38 xy−1z2 = 1, xzy−1x = 1, xzy−1x = 1, xy−1z−1y = 1 x = z
39 xy−1z2 = 1, xzy−1x = 1, xzy−1z = 1, xy−1x−1y = 1 x = z
40 xy−1z2 = 1, xzy−1x = 1, xzy−1z = 1, xy−1z−1y = 1 Abelian
41 xz−1y2 = 1, xzy−1x = 1, xyz−1y = 1, xz−1x−1z = 1 Abelian
42 xy−1x−1y = 1, xzy−1z = 1, (yx−1)2y = 1, yz−1y−1z = 1 Abelian
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n r1, r2, r3, r4 E
43 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1x−1z = 1 Abelian
44 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1y−1x = 1 Abelian
45 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1y−1z = 1 Abelian
46 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−2x = 1 Abelian
47 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1xz = 1 Abelian
48 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1xy−1z = 1 Abelian
49 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1yz = 1 Abelian
50 xz−1x−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yz−1yx−1z = 1 Abelian
51 xz−1x−1z = 1, xy−1x−1y = 1, x−1y(x−1z)2 = 1, x−1(yz−1)2y = 1 Abelian
52 xz−1y−1z = 1, xy−1x−1y = 1, xy−1zx−1y = 1, xz−1x−1z = 1 Abelian
53 xz−1y−1z = 1, xy−1x−1y = 1, zy−1zx−1y = 1, zx−1yx−1z = 1 x = y
54 xz−2x = 1, xy−1x−1y = 1, (xz−1)2x = 1, xy−1x−1y = 1 x = z
55 xz−2x = 1, xy−1x−1y = 1, (xz−1)2x = 1, xy−1xy = 1 x = z
56 xz−2x = 1, xy−1x−1y = 1, (xz−1)2x = 1, x(y−1z)2 = 1 x = z
57 xz−2x = 1, xy−1x−1y = 1, y(z−1x)2 = 1, yx−1yz = 1 Abelian
58 xz−2x = 1, xy−1x−1y = 1, yz−1xz−1y = 1, (yx−1)2z = 1 Abelian
59 xz−1yz−1x = 1, xy−1x−1y = 1, (xz−1)2y = 1, x2y−1x = 1 Abelian
60 xz−1yz−1x = 1, xy−1x−1y = 1, (xz−1)2y = 1, xyz = 1 Abelian
61 xz−1yz−1x = 1, xy−1x−1y = 1, (xz−1)2y = 1, xzy−1x = 1 Abelian
62 xz−1x−1y = 1, xy−1x−1z = 1, (yx−1)2y = 1, yz−1y−1z = 1 Abelian
63 xz−1x−1z = 1, xy−2x = 1, yx−1zy−1x = 1, yz−1y−1z = 1 BS(1,−1)
64 xz−1x−1y = 1, xy−2z = 1, (x−1y)2x−1z = 1, x−1(yz−1)2y = 1 BS(−1, 2)
65 xz−1x−1y = 1, xy−1z−1x = 1, (x−1y)2z−1y = 1, x−1yz−1xy−1z = 1 BS(3,−1)
66 xz−2y = 1, xy−1z−1x = 1, x−1(yz−1)2y = 1, (x−1y)2x−1z = 1 BS(−1, 3)
67 xz−1yz = 1, xy−1z−1y = 1, xzx−1y = 1, xz−1yz = 1 BS(1,−1)
68 xz−1x−1z = 1, xy−1xy = 1, yx−1zx−1y = 1, yz−1y−1z = 1 BS(1,−1)
69 xz−1x−1z = 1, xy−1xy = 1, yx−1zx−1y = 1, yz−1xy−1z = 1 BS(1,−1)
70 xz−2x = 1, xy−1xy = 1, (xz−1)2x = 1, xy−1x−1y = 1 x = z
71 xz−2x, xy−1xy = 1, (xz−1)2x = 1, xy−1xy = 1 x = z
72 xz−2x = 1, xy−1xy = 1, (xz−1)2x, x(y−1z)2 = 1 x = z
73 xz−1xz = 1, xy−1xy = 1, yzx−1y = 1, yz−1xy−1z = 1 BS(1,−1)
74 xz−1x−1z = 1, (xy−1)2x = 1, yx−1zy−1x = 1, yz−1y−1z = 1 Abelian
75 xz−1y2 = 1, xy−1xz−1x = 1, xyz−1y = 1, xz−1x−1z = 1 Abelian
76 xz−1x−1z = 1, xy−1xz−1y = 1, yx−1zx−1y = 1, yz−1y−1z = 1 BS(1,−1)
77 xz−1x−1z = 1, xy−1zx−1y = 1, yx−1zx−1y = 1, yz−1y−1z = 1 x = y
78 xz−2x = 1, xy−1zx−1y = 1, (xz−1)2x = 1, xy−1x−1y = 1 T
79 xz−2x = 1, xy−1zx−1y = 1, (xz−1)2x = 1, xy−1z−1y = 1 T
80 xz−2x = 1, xy−1zx−1y = 1, (xz−1)2x = 1, xy−1xy = 1 T
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n r1, r2, r3, r4 E
81 xz−2x = 1, xy−1zx−1y = 1, (xz−1)2x = 1, xy−1zy = 1 T
82 xz−1yz−1x = 1, xy−1zx−1y = 1, (xz−1)2y = 1, xyz−1x = 1 T
83 xz−1y−1x = 1, xy−1zx−1z = 1, (xy−1)2z = 1, xz−1y−1x = 1 Abelian
84 xz−1x−1z = 1, xy−1zy−1x = 1, yx−1zy−1x = 1, yz−1x−1z = 1 Abelian
85 xz−1x−1z = 1, xy−1zy−1x = 1, yx−1zy−1x = 1, yz−1y−1z = 1 x = y
86 xz−1x−1z = 1, xy−1zy−1x = 1, zx−1zy−1z = 1, z(y−1x)2 = 1 Abelian
87 xz−1y−1z = 1, xy−1zy−1x = 1, xy−1zy−1x = 1, xz−1x−1z = 1 Abelian
88 yx−1zx−1y = 1, y2z = 1, (yx−1)2z = 1, yzx−1y = 1 T
89 yz−1y−1z = 1, y2z−1y = 1, xy−1zx−1y = 1, xz−1x−1z = 1 BS(1,−2)
90 yz−1y−1z = 1, y2z−1y = 1, xy−1zx−1z = 1, xz−1x−1y = 1 BS(1, 3)
91 yx−1zy−1x = 1, yzy−1z = 1, (xy−1)2x = 1, xzx−1z = 1 Abelian
92 yz−1y−1z = 1, (yx−1)2y = 1, xy−1zx−1y = 1, xz−1x−1z = 1 Abelian
93 yz−1x−1y = 1, (yx−1)2z = 1, z(x−1y)2 = 1, (zy−1)2z = 1 Abelian
94 yz−1x−1y = 1, yx−1yz−1x = 1, yx−1yz−1x = 1, yz−1y−1z = 1 Abelian
95 yz−1y−1z = 1, yx−1yz−1x = 1, xy−1zy−1x = 1, xz−1x−1z = 1 BS(1,−1)
96 yz−1y−1z = 1, yx−1yz−1x = 1, xy−1zy−1x = 1, xz−1xz = 1 BS(1,−1)
97 yz−1x−1z = 1, yx−1zx−1y = 1, yx−1zx−1y = 1, yz−1y−1z = 1 Abelian
98 yz−1y−1z = 1, yx−1zx−1y = 1, xy−1zx−1y = 1, xz−1x−1z = 1 y = x
99 yz−1y−1z = 1, yx−1zy−1x = 1, xy−1zy−1x = 1, xz−1x−1z = 1 y = x
100 x2z−1x = 1, xz−1x−1z = 1, yz−1xy−1z = 1, yzy−1x = 1 BS(1,−3)
101 x2z−1x = 1, xz−1x−1z = 1, yz−1xy−1x = 1, yzy−1z = 1 BS(1, 2)
102 xy2 = 1, xz−1x−1z = 1, xyx−1y = 1, xz−1x−1z = 1 T
103 xy2 = 1, xz−1x−1z = 1, xyx−1y = 1, xz−1y−1z = 1 T
104 xy2 = 1, xz−1x−1z = 1, xyx−1y = 1, xz−1xz = 1 T
105 xy2 = 1, xz−1x−1z = 1, xyx−1y = 1, xz−1xy−1z = 1 T
106 xy2 = 1, xz−1xz = 1, xyx−1y = 1, xz−1x−1z = 1 T
107 xy2 = 1, xz−1xz = 1, xyx−1y = 1, xz−1xz = 1 T
108 xyz−1y = 1, xz−1x−1z = 1, xz−1yx−1z = 1, xyx−1y = 1 Abelian
109 xyz−1y = 1, xz−1x−1z = 1, xz−1yx−1z = 1, xyz−1y = 1 Abelian
110 xyz−1y = 1, xz−2x = 1, xz−1yz−1x = 1, xyx−1y = 1 BS(1,−1)
111 xyz−1y = 1, xz−1yx−1z = 1, xz−1yx−1z = 1, xyx−1y = 1 BS(1,−1)
112 xyz−1y = 1, xz−1yz−1x = 1, xz−1yz−1x = 1, xyx−1y = 1 BS(1,−1)
113 xz2 = 1, xy−1x−1y = 1, xzx−1z = 1, xy−1x−1y = 1 T
114 xz2 = 1, xy−1x−1y = 1, xzx−1z = 1, xy−1xy = 1 T
115 xz2 = 1, xy−1xy = 1, xzx−1z = 1, xy−1x−1y = 1 T
116 xz2 = 1, xy−1xy = 1, xzx−1z = 1, xy−1xy = 1 T
117 xzx−1z = 1, xy−1x−1y = 1, yx−1zx−1y = 1, yzx−1z = 1 Abelian
118 xzx−1z = 1, xy−2x = 1, yx−1zy−1x = 1, yzx−1z = 1 BS(1,−1)
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119 xzx−1z = 1, xy−2x = 1, yx−1zy−1x = 1, yzy−1z = 1 BS(1,−1)
120 xzx−1z = 1, (xy−1)2x = 1, yx−1zy−1x = 1, yzy−1z = 1 Abelian
121 xzx−1z = 1, xy−1zx−1y = 1, yx−1zx−1y = 1, yzy−1z = 1 x = y
122 xzx−1z = 1, xy−1zx−1y = 1, yx−1zx−1y = 1, yzx−1z = 1 x = y
123 xzx−1z = 1, xy−1zy−1x = 1, yx−1zy−1x = 1, yzx−1z = 1 x = y
124 xzx−1z = 1, xy−1zy−1x = 1, yx−1zy−1x = 1, yzy−1z = 1 x = y
125 xzy−1x = 1, xz−1yx−1z = 1, (xy−1)2z = 1, xzy−1x = 1 x = y−1
126 xzy−1z = 1, xy−1x−1y = 1, xy−1zx−1y = 1, xzx−1z = 1 Abelian
127 xzy−1z = 1, xy−1x−1y = 1, xy−1zx−1y = 1, xzy−1z = 1 Abelian
128 xzy−1z = 1, xy−2x = 1, xy−1zy−1x = 1, xzx−1z = 1 BS(1,−1)
129 xzy−1z = 1, xy−2x = 1, xy−1zy−1x = 1, xzy−1z = 1 BS(1,−1)
130 xzy−1z = 1, xy−1zx−1y = 1, xy−1zx−1y = 1, xzx−1z = 1 y = x
131 xzy−1z = 1, xy−1zy−1x = 1, xy−1zy−1x = 1, xzx−1z = 1 BS(1,−1)
132 xy−1x−1y = 1, xz−1x−1z = 1, (yx−1)2z = 1, yz−1x−1y = 1 Abelian
133 xy−1x−1y = 1, xz−1x−1z = 1, (yx−1)2z = 1, yz−2x = 1 Abelian
134 xy−1x−1y = 1, xz−1x−1z = 1, (yx−1)2z = 1, yz−2y = 1 Abelian
135 xy−1x−1y = 1, xz−1x−1z = 1, (yx−1)2z = 1, yz−1xz−1y = 1 Abelian
136 xy−1x−1y = 1, xz−1y−1z = 1, (yx−1)2y = 1, yz−1yz = 1 BS(1,−1)
137 xy−1x−1y = 1, xz−2x = 1, (x−1y)2z−1y = 1, x−1yz−1xy−1z = 1 Abelian
138 xy−1x−1y = 1, xz−1xz = 1, (yx−1)2y = 1, yz−1x−1z = 1 BS(1,−1)
139 xy−1x−1y = 1, xz−1xz = 1, zx−1yx−1z = 1, zy−1xz−1y = 1 BS(1,−1)
140 xy−1x−1y = 1, (xz−1)2x = 1, yx−1yz−1x = 1, yz−1y−1z = 1 Abelian
141 xy−1x−1y = 1, (xz−1)2x = 1, (x−1y)2z−1y = 1, x−1yz−1xy−1z = 1 Abelian
142 xy−2x = 1, xz−1x−1z = 1, (xy−1)2x = 1, xz−1x−1z = 1 x = y
143 xy−2x = 1, xz−1x−1z = 1, (xy−1)2x = 1, xz−1xz = 1 x = y
144 xy−2x = 1, xz−1x−1z = 1, (xy−1)2x = 1, x(z−1y)2 = 1 x = y
145 xy−2x = 1, xz−1xz = 1, (xy−1)2x = 1, xz−1x−1z = 1 T
146 xy−2x = 1, xz−1xz = 1, (xy−1)2x = 1, xz−1xz = 1 x = y
147 xy−2x = 1, xz−1xz = 1, (xy−1)2x = 1, x(z−1y)2 = 1 x = y
148 xy−1z−1x = 1, (xz−1)2y = 1, y(z−1x)2 = 1, (yx−1)2y = 1 Abelian
149 xy−1z−1y = 1, xz−1yz−1x = 1, xz−1yz−1x = 1, xy−1x−1y = 1 Abelian
150 xy−1zy = 1, xz−1x−1z = 1, xyx−1z = 1, xy−1zy = 1 Abelian
151 xy−1z2 = 1, xz−1y−1x = 1, xzy−1z = 1, xy−1x−1y = 1 Abelian
152 xy−1z2 = 1, xz−1y−1x = 1, xzy−1z = 1, xy−1z−1x = 1 Abelian
153 xy−1z2 = 1, xz−1xy−1x = 1, xzy−1z = 1, xy−1x−1y = 1 Abelian
154 xy−1z2 = 1, xz−1xy−1x = 1, xzy−1z = 1, xy−1xz−1x = 1 Abelian
155 y2z−1y = 1, yz−1y−1z = 1, xz−1yx−1z = 1, xyx−1y = 1 BS(1,−1)
156 y2z−1y = 1, yz−1y−1z = 1, xz−1yx−1y = 1, xyx−1z = 1 BS(1, 2)
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157 y2z−1y = 1, yz−1y−1z = 1, xz−1yx−1z = 1, xzx−1y = 1 BS(1,−3)
158 y2z−1y = 1, yz−1y−1z = 1, xz−1yx−1y = 1, xzx−1z = 1 BS(1, 2)
159 yz2 = 1, yx−1yz−1x = 1, yzy−1z = 1, yx−1yz−1x = 1 T
160 yz2 = 1, yx−1yz−1x = 1, yzy−1z = 1, yx−1zy−1x = 1 T
161 yz2 = 1, yx−1zy−1x = 1, yzy−1z = 1, yx−1yz−1x = 1 T
162 yz2 = 1, yx−1zy−1x = 1, yzy−1z = 1, yx−1zy−1x = 1 T
163 yzx−1y = 1, yz−1xy−1z = 1, (yx−1)2z = 1, yzx−1y = 1 Abelian
164 yzy−1z = 1, yx−1zx−1y = 1, xy−1zx−1y = 1, xzx−1z = 1 y = x
165 yzy−1z = 1, yx−1zy−1x = 1, xy−1zy−1x = 1, xzx−1z = 1 y = x
166 yzx−1z = 1, yx−1zx−1y = 1, yx−1zx−1y = 1, yzy−1z = 1 y = x−1
Table 9. The relations for existing the graph Γ1 as Figure 12 in Z(α, β) and U(α, β).
n r1 r2 r3 r4
1 xy−1xy = 1 xz−1x−1z = 1 (zx−1)2z = 1 (zy−1)2x = 1
2 xz−1xz = 1 xy−1x−1y = 1 (yx−1)2y = 1 (yz−1)2x = 1
3 xyx−1z = 1 xy−1zy = 1 xyx−1z = 1 xy−1zy = 1
4 xyx−1z = 1 xz−1y2 = 1 xyx−1z = 1 xz−1y2 = 1
5 xyz−1x = 1 xy−1zy = 1 xyz−1x = 1 xy−1zy = 1
6 xyz−1x = 1 xz−1y2 = 1 xyz−1x = 1 xz−1y2 = 1
7 xyz−1y = 1 xz−2x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
8 xzx−1y = 1 xy−1z2 = 1 xzx−1y = 1 xy−1z2 = 1
9 xzx−1y = 1 xz−1yz = 1 xzx−1y = 1 xz−1yz = 1
10 xzx−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1y−1z = 1
11 xzx−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1yz = 1
12 xzy−1x = 1 xy−1z2 = 1 xzy−1x = 1 xy−1z2 = 1
13 xzy−1x = 1 x(y−1z)2 = 1 x(y−1z)2 = 1 xzy−1x = 1
14 xzy−1x = 1 xz−1yz = 1 xzy−1x = 1 xz−1yz = 1
15 xy−1x−1y = 1 xz−1x−1z = 1 (zx−1)2z = 1 (zy−1)2x = 1
16 xy−1x−1y = 1 xz−1y−1z = 1 zy−1zx−1y = 1 zx−1zy−1x = 1
17 xy−1x−1y = 1 xz−2x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
18 xy−2x = 1 xz−1x−1z = 1 x−1yx−1zy−1z = 1 x−1yz−1xz−1y = 1
19 xy−2x = 1 xz−1y−1z = 1 (zy−1)2x = 1 zx−1yx−1z = 1
20 xy−1z−1y = 1 xz−1x−1z = 1 yx−1zx−1y = 1 yz−1y−1x = 1
21 xy−1z−1y = 1 xz−1x−1z = 1 yx−1zx−1y = 1 yz−1yx−1z = 1
22 xy−1z−1y = 1 xz−2x = 1 yz−1xz−1y = 1 yx−1yz−1x = 1
23 xy−1z−1y = 1 xz−2x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
24 xy−1xy = 1 xz−2x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
25 (xy−1)2z = 1 xz−1y−1x = 1 (xy−1)2z = 1 xz−1y−1x = 1
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26 xy−1zy = 1 xz−2x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
27 xy−1zx−1y = 1 xz−1y−1z = 1 xy−1zx−1y = 1 xz−1y−1z = 1
28 xy−1zy−1x = 1 xz−1y−1z = 1 xy−1zy−1x = 1 xz−1y−1z = 1
29 yzx−1y = 1 yx−1z2 = 1 yzx−1y = 1 yx−1z2 = 1
30 yzx−1y = 1 yz−1xz = 1 yzx−1y = 1 yz−1xz = 1
31 yzy−1x = 1 yx−1z2 = 1 yzy−1x = 1 yx−1z2 = 1
32 (yx−1)2z = 1 yz−1x−1y = 1 (yx−1)2z = 1 yz−1x−1y = 1
33 yx−1yz−1x = 1 yz−1x−1y = 1 yx−1yz−1x = 1 yz−1x−1y = 1
34 yx−1yz−1x = 1 yz−1x−1y = 1 yx−1yz−1x = 1 yz−1xy−1z = 1
35 yx−1zx−1y = 1 yz−1x−1z = 1 yx−1zx−1y = 1 yz−1x−1z = 1
36 yx−1zy−1x = 1 yz−1x−1z = 1 yx−1zy−1x = 1 yz−1x−1z = 1
37 xz−1xy−1z = 1 xyz−1x = 1 xz−1xy−1z = 1 xyz−1x = 1
38 (xz−1)2y = 1 xyz−1x = 1 (xz−1)2y = 1 xyz−1x = 1
39 xz−1yx−1z = 1 xyz−1y = 1 xz−1yx−1z = 1 xyz−1y = 1
40 xz−1yz−1x = 1 xyz−1y = 1 xz−1yz−1x = 1 xyz−1y = 1
41 (xy−1)2z = 1 xzy−1x = 1 (xy−1)2z = 1 xzy−1x = 1
42 xy−1xz−1y = 1 xzy−1x = 1 xy−1xz−1y = 1 xzy−1x = 1
43 xy−1zx−1y = 1 xzy−1z = 1 xy−1zx−1y = 1 xzy−1z = 1
44 xy−1zy−1x = 1 xzy−1z = 1 xy−1zy−1x = 1 xzy−1z = 1
45 xz−1x−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1yz = 1
46 xz−1x−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 (yz−1)2x = 1
47 xz−1y−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1x−1z = 1
48 xz−1y−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1xz = 1
49 xz−1y−1z = 1 xy−1x−1y = 1 zx−1yx−1z = 1 zy−1zx−1y = 1
50 xz−1xz = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1y−1z = 1
51 xz−1xz = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1yz = 1
52 xz−1xy−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1x−1z = 1
53 xz−1xy−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1y−1z = 1
54 xz−1xy−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1xz = 1
55 xz−1xy−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1yz = 1
56 xz−1yz = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1x−1z = 1
57 xz−1yx−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1x−1z = 1
58 xz−1yx−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1y−1z = 1
59 xz−1yx−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1xz = 1
60 xz−1yx−1z = 1 xy−1x−1y = 1 (yx−1)2y = 1 yz−1yz = 1
61 xz−1x−1y = 1 xy−1x−1z = 1 yx−1zx−1y = 1 yz−1y−1z = 1
62 xz−1y−1x = 1 xy−1x−1z = 1 x−1yx−1zy−1z = 1 x−1yz−1xz−1y = 1
63 xz−1y−1z = 1 xy−2x = 1 zy−1xy−1z = 1 zx−1zy−1x = 1
64 xz−1x−1y = 1 xy−1z−1x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
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65 xz−1y−1z = 1 xy−1z−1x = 1 x−1yz−1xy−1z = 1 (x−1y)2z−1y = 1
66 xz−2y = 1 xy−1z−1x = 1 x−1yz−1xz−1y = 1 x−1yx−1zy−1z = 1
67 (xz−1)2y = 1 xy−1z−1x = 1 (xz−1)2y = 1 xy−1z−1x = 1
68 xz−1x−1z = 1 xy−1z−1y = 1 yz−1yx−1z = 1 yx−1yz−1x = 1
69 xz−1x−1z = 1 xy−1z−1y = 1 yz−1yx−1z = 1 yx−1zx−1y = 1
70 xz−2x = 1 xy−1z−1y = 1 (yz−1)2x = 1 yx−1zx−1y = 1
71 xz−1yx−1z = 1 xy−1z−1y = 1 xz−1yx−1z = 1 xy−1z−1y = 1
72 xz−1yz−1x = 1 xy−1z−1y = 1 xz−1yz−1x = 1 xy−1z−1y = 1
73 xz−1y−1z = 1 xy−1zy = 1 xyx−1z = 1 xy−1zy = 1
74 (yx−1)2z = 1 yzx−1y = 1 (yx−1)2z = 1 yzx−1y = 1
75 yx−1yz−1x = 1 yzx−1y = 1 yx−1yz−1x = 1 yzx−1y = 1
76 yx−1zy−1x = 1 yzx−1z = 1 yx−1zy−1x = 1 yzx−1z = 1
77 yx−1zx−1y = 1 yzx−1z = 1 yx−1zx−1y = 1 yzx−1z = 1
Γ2 of Figure 12: Taking into account the relations from table 3 which are not disproved and the relations
from Table 9, it can be seen that there are 16 different cases for the relations of 5 cycles of length 3 on vertices
of degree 4 in Γ with the structure of the graph Γ2 as Figure 12. Using GAP [9], a free group with generators
x, y, z and the relations of these 5 cycles which are among these cases is finite or abelian, that is a contradiction.
Hence, Γ does not contain any subgraph isomorphic to Γ2 on vertices of degree 4.
Γ3 of Figure 12: In view of the relations from table 7 which are not rejected and the relations from Table 9,,
it can be seen that there are 71 different cases for the relations of 4 cycles of length 3 and a cycle of length 4 on
vertices of degree 4 in Γ with the structure of Γ3. Using GAP [9], a free group with generators x, y, z and the
relations of these 5 cycles of 67 cases among these 71 cases is finite or abelian that is a contradiction. Hence,
there are just 4 cases which may lead to the existence of Γ1 in Γ. In the following, we show that all such cases
lead to contradictions. Thus, Γ does not contain any subgraph isomorphic to the graph Γ3.
(1) r1 : xz
−1xz = 1, r2 : xy
−1x−1y = 1, r3 : (yx
−1)2y = 1, r4 : yz
−1y−1z = 1, r5 : z(x
−1y)2z−1y = 1.
r2 and r4 imply that 〈x, y〉 and 〈z, y〉 are abelian groups. Hence, r3 leads to x
2 = y3. On the other hand,
by r1, x
2 = (x−2)z, thereupon y3 = (y−3)z which implies y6 = 1, a contradiction.
(2) r1 : xz
−1xz = 1, r2 : xy
−1x−1y = 1, r3 : (yx
−1)2y = 1, r4 : yz
−1yz = 1, r5 : z(x
−1y)2z−1y = 1.
r3 and r5 imply that 〈z, y〉 is an abelian group. Then r4 implies y
2 = 1, a contradiction.
(3) r1 : xz
−1yz = 1, r2 : xy
−1x−1y = 1, r3 : (yx
−1)2y = 1, r4 : yz
−1x−1z = 1, r5 : z(x
−1y)2z−1x = 1.
r2 implies that 〈x, y〉 is an abelian group. Hence, r3 leads to x
2 = y3. Also by r1 and r4, x
2 = (y2)z
−1
and
x2 = (y−2)z which imply (y2)z
−1
y−3 = 1 and (y−2)zy−3 = 1. Thereupon, (y5)z
−1
y−1 = 1. Therefore,
〈x, y, z〉 is isomorphic to a quotient group of BS(1, 5), that is a contradiction.
(4) r1 : xy
−1x−1y = 1, r2 : xz
−1y−1z = 1, r3 : zy
−1zx−1y = 1, r4 : zx
−1zy−1x = 1, r5 :
(x−1y)2z−1xy−1z = 1.
In this case we have x = y, a contradiction.
Γ4 of Figure 12:Taking into account the relations from table 7 which are not rejected and the relations from
Table 9, it can be seen that there are 26 different cases for the relations of 4 cycles of length 3 and a cycle of
length 4 with the structure of the graph Γ4 as Figure 12 on vertices of degree 4 in Γ. Using GAP [9], a free group
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Figure 13. The graph G1 and two forbidden subgraphs which contains it, where the
degrees of all vertices of any subgraph in Z(α, β) and U(α, β) must be 4.
with generators x, y, z and the relations of these 5 cycles which are among 25 cases of these 26 cases is finite or
abelian, that is a contradiction. The other case is the following:
r1 : xz
−1xz = 1, r2 : xy
−1x−1y = 1, r3 : (yx
−1)2y = 1, r4 : yz
−1yz = 1, r5 : zx
−1yz−1x−1y = 1.
Now, according to above relation and the relations from table 3 which are not rejected, it can be seen that there
is no cases for the existence of Γ4 of Figure 12 as a subgraph of Γ. Then, Γ does not contain any subgraph
isomorphic to Γ4.
G1 of Figure 13: Taking into account the relations from Table 5 and the relations from table 7 which are not
rejected , it can be see that there are 11052 different cases for the relations of 2 cycles of length 3 and 2 cycles
of length 4 with the structure of the graph G1 of Figure 13 on vertices of degree 4 in Γ. Using GAP [9], a free
group with generators x, y, z and the relations of these 4 cycles which are between 10952 cases of these 11052
cases is finite or abelian, that is a contradiction. Hence, there are 100 cases which may lead to the existence of
G1 in Γ. We checked these such cases. In Table 10, it can be seen that 84 cases among these 100 cases lead to
contradictions and so there are just 16 cases which may lead to the existence of G1 in Γ which listed in Table 11.
Table 10. The relations of 2 cycles of length 3 and 2 cycles of length 4 with the structure
of the graph G1 of Figure 13 which lead to contradictions.
n r1, r2, r3, r4 E
1 x2y−1x = 1, xy−1x−1y = 1, xz−1xzy−1z = 1, x−1y(z−1x)2y−1z BS(1, 3)
2 x2y−1x = 1, xy−1x−1y = 1, (xz−1)2x−1z = 1, x−1yz−1xy−1zx−1z = 1 BS(1, 2)
3 xzy−1x = 1, xy−1z−1y = 1, (xz−1)2x−1z = 1, x−1yx−1zy−1zx−1z = 1 BS(1, 2)
4 xzy−1x = 1, xy−1z−1y = 1, xz−1yz−1y−1z = 1, x−1y(x−1z)2y−1z = 1 z = x
5 xzy−1x, xy−1xz−1y = 1, xz−1yz−1xy−1z = 1, x−1yx−1(zy−1)2z = 1 Abelian
6 xzy−1x = 1, xy−1zy = 1, xz−1xzx−1z = 1, (x−1y)2z−1yx−1z = 1 BS(1,−3)
7 xzy−1x = 1, xy−1zy = 1, xz−1xzy−1z = 1, (x−1y)2z−1xy−1z = 1 Abelian
8 xzy−1x = 1, xy−1zy = 1, xz−1xy−1x−1z = 1, (x−1y)2z−1yx−1z = 1 BS(−1, 3)
9 xzy−1x = 1, xy−1zy = 1, xz−1xy−2z = 1, (x−1y)2z−1xy−1z = 1 Abelian
10 xzy−1x = 1, xy−1zy = 1, xz−1yzx−1z = 1, (x−1y)2z−1yx−1z = 1 BS(−1, 3)
11 xzy−1x = 1, xy−1zy = 1, xz−1yzy−1z = 1, (x−1y)2z−1xy−1z = 1 Abelian
12 xzy−1x = 1, xy−1zx−1y = 1, xz−2x−1z = 1, (x−1y)2(x−1z)2 = 1 BS(1, 2)
13 xzy−1x = 1, xz−2y = 1, xy−1z2y−1z = 1, x−1yx−1zy−1xy−1z = 1 Abelian
14 xzy−1x = 1, xz−1yz = 1, xy−1zx−1z−1y = 1, (x−1y)2(z−1y)2 = 1 y = x−1
15 xy−2x = 1, xz−1x−1z = 1, x3z−1y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
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16 xy−2x = 1, xz−1x−1z = 1, x2yz−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
17 xy−2x = 1, xz−1x−1z = 1, x2y−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
18 xy−2x = 1, xz−1x−1z = 1, x2y−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
19 xy−2x = 1, xz−1x−1z = 1, x2y−1xz−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
20 xy−2x = 1, xz−1x−1z = 1, x2z−2y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
21 xy−2x = 1, xz−1x−1z = 1, x2z−2y = 1, x−1yx−1zy−1xz−1y = 1 Abelian
22 xy−2x = 1, xz−1x−1z = 1, x(xz−1)2y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
23 xy−2x = 1, xz−1x−1z = 1, xyxz−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
24 xy−2x = 1, xz−1x−1z = 1, xy2z−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
25 xy−2x = 1, xz−1x−1z = 1, xyx−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
26 xy−2x = 1, xz−1x−1z = 1, xyx−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
27 xy−2x = 1, xz−1x−1z = 1, xyx−1yz−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
28 xy−2x = 1, xz−1x−1z = 1, xyz−2y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
29 xy−2x = 1, xz−1x−1z = 1, xzxz−1y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
30 xy−2x = 1, xz−1x−1z = 1, xzyz−1y = 1, x−1yx−1zy−1xz−1y = 1 T
31 xy−2x = 1, xz−1x−1z = 1, xzx−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
32 xy−2x = 1, xz−1x−1z = 1, xzx−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 Abelian
33 xy−2x = 1, xz−1x−1z = 1, xzx−1yz−1y = 1, x−1yx−1zy−1xz−1y = 1 T
34 xy−2x = 1, xz−1y−1z = 1, x3z−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
35 xy−2x = 1, xz−1y−1z = 1, x2yz−1y = 1, x−1yx−1zy−1xz−1y = 1 Abelian
36 xy−2x = 1, xz−1y−1z = 1, x2y−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
37 xy−2x = 1, xz−1y−1z = 1, x2y−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 Abelian
38 xy−2x = 1, xz−1y−1z = 1, x2y−1xz−1y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
39 xy−2x = 1, xz−1y−1z = 1, x2z−2y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
40 xy−2x = 1, xz−1y−1z = 1, x2z−2y = 1, x−1yx−1zy−1xz−1y = 1 Abelian
41 xy−2x = 1, xz−1y−1z = 1, x(xz−1)2y = 1, x−1yx−1zx−1yz−1y = 1 Abelian
42 xy−2x = 1, xz−1y−1z = 1, x2(z−1y)2 = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
43 xy−2x = 1, xz−1y−1z = 1, xyx−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 z = xy
44 xy−2x = 1, xz−1y−1z = 1, xzy−1xz−1y = 1, x−1yx−1zx−1yz−1y = 1 T
45 xy−2x = 1, xz−1xz = 1, xzx−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
46 xy−2x = 1, xz−1xz = 1, xzx−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
47 xy−2x = 1, xz−1xz = 1, xzx−1yz−1y = 1, x−1yx−1zy−1xz−1y = 1 T
48 xy−2x = 1, xz−1xz = 1, xzy−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 y = x
49 xy−2x = 1, xz−1xz = 1, xzy−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 T
50 xy−2x = 1, (xz−1)2y = 1, xzyx−1z = 1, (x−1y)2(x−1z)2 = 1 T
51 xy−2x = 1, (xz−1)2y = 1, xzy−1x−1z = 1, (x−1y)2(x−1z)2 = 1 y = x
52 xy−2x = 1, xz−1yz = 1, xzx−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 y = x
53 xy−2x = 1, xz−1yz = 1, xzx−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1, 2)
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Table 10 – continued from previous page
n r1, r2, r3, r4 E
54 xy−2x = 1, xz−1yz = 1, xzy−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 x = y
55 xy−2x = 1, xz−1yz = 1, xzy−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 x = y
56 xz−1y−1x = 1, x2y−1z = 1, xy−1z−1xz−1y = 1, x−1yz−1x(z−1y)2=1 T
57 xy−1zy−1x = 1, xz−1x−1z = 1, x2(z−1y)2 = 1, (x−1y)2z−1xz−1y = 1 BS(1,−1)
58 xy−1zy−1x = 1, xz−1x−1z = 1, xyx−1z−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
59 xy−1zy−1x = 1, xz−1x−1z = 1, xzy−1z−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
60 xy−1zy−1x = 1, xz−1x−1z = 1, xzy−1xz−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
61 xy−1zy−1x = 1, xz−2y = 1, x2y−2z = 1, x−1yx−1zy−1xy−1z = 1 Abelian
62 xy−1zy−1x = 1, xz−1xz = 1, xyxz−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
63 xy−1zy−1x = 1, xz−1xz = 1, xyx−1z−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
64 xy−1zy−1x = 1, xz−1xz = 1, xzy−1z−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
65 xy−1zy−1x = 1, xz−1xz = 1, xzy−1xz−1y = 1, (x−1y)2(z−1y)2 = 1 BS(1,−1)
66 yzy−1x = 1, yz−1x−1z = 1, yx−1zy−1z−1y = 1, x−1yx−1zx−1yz−1y = 1 BS(1,−1)
67 yzy−1x = 1, yz−1x−1z = 1, yx−1zy−1z−1y = 1, x−1yx−1zy−1xz−1y = 1 BS(1,−1)
68 yx−1zy−1x = 1, yz−1y−1z = 1, yzx−1yz−1y = 1, (x−1y)2z−1xz−1y = 1 Abelian
69 zx−1zy−1x = 1, zy−1xz−1y = 1, z(zy−1)2z = 1, x−1yx−1zy−1xy−1z = 1 BS(1,−1)
70 zx−1zy−1x = 1, zy−1zx−1y = 1, z(zx−1)2z = 1, (x−1y)2z−1yx−1z = 1 BS(1,−1)
71 zx−1zy−1x = 1, zy−1zx−1y = 1, z2x−1zy−1z = 1, (x−1y)2z−1xy−1z = 1 Abelian
72 zx−1zy−1x = 1, zy−1zx−1y = 1, z2y−1zx−1z = 1, (x−1y)2z−1yx−1z = 1 Abelian
73 zx−1zy−1x = 1, zy−1zx−1y = 1, z(zy−1)2z = 1, (x−1y)2z−1xy−1z = 1 BS(1,−1)
74 xz−1y−1x = 1, x2y−1z = 1, xy−2xz−1y = 1, x−1yz−1x(z−1y)2 = 1 T
75 xz−1y−1x = 1, x2y−1z = 1, xy−1zxz−1y = 1, x−1yz−1x(z−1y)2 = 1 = T
76 xz−1y−1x = 1, x2y−1z = 1, xy−1zx−1z−1y = 1, x−1yz−1x(z−1y)2 = 1 T
77 xz−1y−1x = 1, x2y−1z = 1, xy−1zx−1z−1y = 1, x−1(yz−1)2xz−1y = 1 BS(1,−1)
78 xz−1yz−1x = 1, xy−1x−1y = 1, xyz−1y−1z = 1, (x−1z)2(y−1z)2 = 1 BS(1,−1)
79 xz−1yz−1x = 1, xy−1x−1y = 1, xyz−1xy−1z = 1, (x−1z)2(y−1z)2 = 1 BS(1,−1)
80 xz−1yz−1x = 1, xy−1x−1y = 1, xzxy−1z = 1, (x−1z)2(y−1z)2 = 1 BS(1,−1)
81 xz−1y−1x = 1, xy−1zx−1y = 1, xyx−1y−1z = 1, x−1yz−1yx−1zy−1z = 1 BS(1,−1)
82 xz−1y−1x = 1, xy−1zx−1y = 1, xzxy−1z = 1, x−1yz−1yx−1zy−1z = 1 T
83 yz−2x = 1, y2x−1y = 1, yx−1zy−2z = 1, (x−1z)2(y−1z)2 = 1 T
84 yx−1zy−1x = 1, yzy−1z = 1, yz−1x−1yz−1y = 1, (x−1y)2z−1xz−1y = 1 BS(1,−1)
Table 11. The relations of the existence of G1 as Figure 13 in Z(α, β) and U(α, β).
n r1 r2 r3 r4
1 x2y−1x = 1 xy−1x−1y = 1 xz−1x−1zy−1z = 1 x−1(yz−1)2xy−1z = 1
2 x2y−1x = 1 xy−1x−1y = 1 xz−2xy−1z = 1 x−1yz−1yx−1zy−1z = 1
3 x2y−1x = 1 xy−1x−1y = 1 (xz−1)2y−1z = 1 x−1yz−1yx−1zy−1z = 1
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Table 11 – continued from previous page
n r1 r2 r3 r4
4 x2y−1x = 1 xy−1x−1y = 1 xz−1yz−1y−1z = 1 x−1y(z−1x)2y−1z = 1
5 xy−2x = 1 xz−1x−1z = 1 x2(z−1y)2 = 1 x−1yx−1zy−1xz−1y = 1
6 xy−2x = 1 xz−1x−1z = 1 xzy−1xz−1y = 1 x−1yx−1zx−1yz−1y = 1
7 xy−2x = 1 xz−1y−1z = 1 xyz−2y = 1 x−1yx−1zy−1xz−1y = 1
8 xy−2x = 1 xz−1y−1z = 1 xzx−1yz−1y = 1 x−1yx−1zy−1xz−1y = 1
9 xy−2x = 1 xz−1xz = 1 xzy−1xz−1y = 1 x−1yx−1zx−1yz−1y = 1
10 xy−2x = 1 xz−1yz = 1 xzx−1yz−1y = 1 x−1yx−1zy−1xz−1y = 1
11 xy−2x = 1 xz−1yz = 1 xzy−1xz−1y = 1 x−1yx−1zx−1yz−1y = 1
12 xz−1y−1x = 1 xyz−1y = 1 xy−1z−1yx−1z = 1 (x−1y)2(x−1z)2 = 1
13 xz−1yz−1x = 1 xy−1x−1y = 1 xzx−1y−1z = 1 (x−1z)2(y−1z)2 = 1
14 xz−1xy−1x = 1 xy−1z−1y = 1 x2z−1y−1z = 1 x−1y(z−1x)2y−1z = 1
15 xz−1xy−1x = 1 xy−1z−1y = 1 x(zy−1)2z = 1 x−1y(z−1x)2y−1z = 1
16 xz−1y−1x = 1 xy−1zy = 1 xzx−1yx−1z = 1 (x−1y)2(x−1z)2 = 1
G2 of Figure 13: Taking into account the relations from Table 11 and the relations from Table 7 which are
not rejected, it can be see that there are 53 different cases for the relations of 2 cycles of length 3 and 3 cycles
of length 4 with the structure of the graph G2 as Figure 13 on vertices of degree 4 in Γ. Using GAP [9], a free
group with generators x, y, z and the relations of such cases is finite, that is a contradiction. Hence, Γ does not
contain any subgraph isomorphic to G2 of Figure 13 on vertices of degree 4.
G3 of Figure 13: According to the the relations from Table 11 and the relations from Table 7 which are not
rejected, it can be see that there are 222 different cases for the relations of 2 cycles of length 3 and 3 cycles of
length 4 with the structure of the graph G3 as Figure 13 on vertices of degree 4 in Γ . Using GAP [9], a free
group with generators x, y, z and the relations of these 5 cycles which are between 221 cases of these 222 cases is
finite, that is a contradiction. Another case is as follows:
r1 : x
2y−1x = 1, r2 : xy
−1x−1y = 1, r3 : (xz
−1)2y−1z = 1, r4 : x
−1yz−1yx−1zy−1z = 1, r5 : y
−1xz−1yz−1xy−1z =
1.
It is not hard to see that in this 〈x, y, z〉 is a quotient group of BS(−1, 2), a contradiction. Therefore, Γ does not
contain any subgraph isomorphic to G3 of Figure 13 on vertices of degree 4.
K1 of 14: According to the the relations from Table 5 and the relations from Table 7 which are not rejected, it
can be seen that there are 54385 different cases for the relations of 4 cycles of length 3 and a cycle of length 4
with the structure of the graph K1 as Figure 14 on vertices of degree 4 in Γ . Using GAP [9], a free group with
generators x, y, z and the relations of these 5 cycles which are between 54293 cases of these 54385 cases is finite
or abelian, that is a contradiction. Hence, there are 92 cases which may lead to the existence of K1 in Γ. In
Table 12, it can be seen that all such cases lead to contradictions and therefore Γ does not contain any subgraph
isomorphic to K1 of Figure 14 on vertices of degree 4.
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K1 K2
Figure 14. Two forbidden subgraphs of Z(α, β) and U(α, β), where the degree of all
vertices of any subgraph in Z(α, β) and U(α, β) must be 4.
Table 12. The relations of 4 cycles of length 3 and a cycle of length 4 with the structure
of the graph K1 as Figure 14 which lead to contradictions.
n R1, R2, R3, R4, R5 E
1 x2y−1x = 1, xy−1x−1y = 1, xy−1x−1y = 1, xz−1y−1z = 1, xzxz−1x = 1 T
2 x2y−1x = 1, xy−1x−1y = 1, xy−1x−1y = 1, xz−1yx−1z = 1, xzxz−1x = 1 BS(2,−1)
3 x2y−1x = 1, xy−1x−1y = 1, (xy−1)2x = 1, xz−1xz = 1, xzxz−1y = 1 T
4 x2z−1x = 1, xz−1x−1z = 1, xy−1z−1y = 1, xz−1x−1z = 1, xyxy−1x = 1 T
5 x2z−1x = 1, xz−1x−1z = 1, xy−1xy = 1, (xz−1)2x = 1, xyxy−1z = 1 T
6 x2z−1x = 1, xz−1x−1z = 1, xy−1zx−1y = 1, xz−1x−1z = 1, xyxy−1x = 1 BS(2,−1)
7 x2z−1y = 1, xy−1z−1x = 1, x2y−1z = 1, xz−1y−1x = 1, xy−1zxz−1y = 1 T
8 xy2 = 1, xz−1xz = 1, xy−1x−1y = 1, xz−1xz = 1, x3y−1x = 1 T
9 xy2 = 1, xz−1xz = 1, xy−1x−1y = 1, xz−1yz = 1, x3y−1x = 1 T
10 xyz = 1, xy−1xz−1x = 1, xy−1xy = 1, xz−1xz = 1, xyxz−1x = 1 x = z
11 xyx−1y = 1, xz−1xz = 1, xy−1x−1y = 1, xz−1xz = 1, x3y−1x = 1 T
12 xyx−1y = 1, xz−1xz = 1, xy−1x−1y = 1, xz−1xy−1z = 1, x3y−1x = 1 T
13 xyx−1y = 1, xz−1xy−1z = 1, xy−1x−1y = 1, xz−1xz = 1, x3y−1x = 1 T
14 xyx−1y = 1, xz−1xy−1z = 1, xy−1x−1y = 1, xz−1xy−1z = 1, x3y−1x = 1 T
15 xyx−1y = 1, xz−1yx−1z = 1, xy−1x−1y = 1, xz−1yx−1z = 1, x3y−1x = 1 T
16 xyx−1z = 1, x(z−1y)2 = 1, xy−1xy = 1, xz−2x = 1, x3y−1z = 1 T
17 xzy = 1, xz−1xy−1x = 1, xy−1xy = 1, xz−1xz = 1, xzxy−1x = 1 x = y
18 xz2 = 1, xy−1x−1y = 1, x2z−1x = 1, xz−1x−1z = 1, xy−1x2z−1y = 1 T
19 xz2 = 1, xy−1x−1y = 1, xy−1x−1y = 1, xz−1x−1z = 1, x3z−1x = 1 T
20 xz2 = 1, xy−1xy = 1, xy−1xy = 1, xz−1x−1z = 1, x3z−1x = 1 T
21 xz2 = 1, xy−1xy = 1, xy−1zy = 1, xz−1x−1z = 1, x3z−1x = 1 T
22 xzx−1z = 1, xy−1x−1y = 1, x2z−1x = 1, xz−1x−1z = 1, xy−1x2z−1y = 1 T
23 xzx−1z = 1, xy−1x−1y = 1, xy−1x−1y = 1, xz−1x−1z = 1, x3z−1x = 1 T
24 xzx−1z = 1, xy−1xy = 1, xy−1z−1y = 1, xz−1xz = 1, x3z−1x = 1 T
25 xzx−1z = 1, xy−1xy = 1, xy−1xy = 1, xz−1x−1z = 1, x3z−1x = 1 T
26 xzx−1z = 1, xy−1xy = 1, xy−1xz−1y = 1, xz−1x−1z = 1, x3z−1x = 1 T
27 xzx−1z = 1, xy−1xz−1y = 1, xy−1xy = 1, xz−1x−1z = 1, x3z−1x = 1 T
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n R1, R2, R3, R4, R5 E
28 xzx−1z = 1, xy−1xz−1y = 1, xy−1xz−1y = 1, xz−1x−1z = 1, x3z−1x = 1 T
29 xzx−1z = 1, xy−1zx−1y = 1, xy−1zx−1y = 1, xz−1x−1z = 1, x3z−1x = 1 T
30 xzy−1z = 1, xy−1x−1y = 1, x2z−1x = 1, xz−1x−1z = 1, xy−1x2z−1y = 1 Abelian
31 xzy−1z = 1, xy−1x−1y = 1, xy−1x−1y = 1, xz−1x−1z = 1, x3z−1x = 1 Abelian
32 xy−1x−1y = 1, xz−1x−1z = 1, xy−1x−1y = 1, xz−2x = 1, x3z = 1 T
33 xy−1x−1y = 1, xz−1x−1z = 1, xy−1x−1y = 1, (xz−1)2x = 1, x3z = 1 T
34 xy−1x−1y = 1, xz−1x−1z = 1, xy−1x−1y = 1, xz−1yz−1x = 1, x3z = 1 Abelian
35 xy−1x−1y = 1, xz−1y−1z = 1, xy−2x = 1, xz−1y−1z = 1, x3y T
36 xy−1x−1y = 1, xz−1xz = 1, xy−2x = 1, xz−1xz = 1, x3y = 1 T
37 xy−1x−1y = 1, xz−1xz = 1, xy−2x = 1, xz−1yz = 1, x3y = 1 T
38 xy−1x−1y = 1, xz−1xz = 1, (xy−1)2x = 1, xz−1xz = 1, x3y = 1 T
39 xy−1x−1y = 1, xz−1xy−1z = 1, (xy−1)2x = 1, xz−1xz = 1, x3y = 1 T
40 xy−1x−1y = 1, xz−1yz = 1, xy−2x = 1, xz−1xz = 1, x3y = 1 T
41 xy−1x−1y = 1, xz−1yz = 1, xy−2x = 1, xz−1yz = 1, x3y = 1 T
42 xy−1x−1y = 1, xz−1yx−1z = 1, (xy−1)2x = 1, xz−1yx−1z = 1, x3y = 1 T
43 xy−1z−1y = 1, xz−1x−1z = 1, xy−1z−1y = 1, xz−2x = 1, x3z = 1 T
44 xy−1xy = 1, xz−1x−1z = 1, xy−1xy = 1, xz−2x = 1, x3z = 1 T
45 xy−1xy = 1, xz−1x−1z = 1, xy−1xy = 1, (xz−1)2x = 1, x3z = 1 T
46 xy−1xy = 1, xz−1x−1z = 1, (xy−1)2x = 1, xz−1x−1z = 1, x3y = 1 T
47 xy−1xy = 1, xz−1x−1z = 1, xy−1zy = 1, xz−2x = 1, x3z = 1 T
48 xy−1xz−1y = 1, xz−1x−1z = 1, xy−1xy = 1, (xz−1)2x = 1, x3z = 1 T
49 xy−1zy = 1, xz−1x−1z = 1, xy−1xy = 1, xz−2x = 1, x3z = 1 T
50 xy−1zy = 1, xz−1x−1z = 1, xy−1zy = 1, xz−2x = 1, x3z = 1 T
51 y2z = 1, yx−1zx−1y = 1, x2z = 1, xy−1zy−1x = 1, xz−1xyz−1y = 1 T
52 y2z = 1, yx−1zx−1y = 1, xzx−1z = 1, xy−2x = 1, xz−1xyz−1y = 1 T
53 y2z = 1, yx−1zx−1y = 1, xzx−1z = 1, xy−1zy−1x = 1, xz−1xyz−1y = 1 Abelian
54 y2z = 1, yx−1zx−1y = 1, xy−2x = 1, xz−1x−1z = 1, x2yz−1y = 1 T
55 y2z = 1, yx−1zx−1y = 1, xy−2x = 1, xz−1xz = 1, x2yz−1y = 1 T
56 y2z = 1, yx−1zx−1y = 1, xy−1zy−1x = 1, xz−1x−1z = 1, x2yz−1y = 1 T
57 y2z = 1, yx−1zx−1y = 1, xy−1zy−1x = 1, xz−1xz = 1, x2yz−1y = 1 T
58 y2x−1y = 1, yz−2x = 1, x2y−1x = 1, xz−2y = 1, xy−1zyx−1z = 1 T
59 y2x−1y = 1, yz−2x = 1, xyx−1y = 1, xz−2x = 1, xy−1zyx−1z = 1 T
60 yzy−1z = 1, yx−1yz−1x = 1, xy−1xy = 1, xz−1x−1z = 1, xy2z−1x = 1 BS(1,−1)
61 yzy−1z = 1, yx−1yz−1x = 1, xy−1zx−1y = 1, xz−1x−1z = 1, xy2z−1x = 1 BS(1,−1)
62 yzy−1z = 1, yx−1yz−1x = 1, yx−1yz−1x = 1, yz−1y−1z = 1, y3z−1y = 1 T
63 yzy−1z = 1, yx−1zx−1y = 1, x2z = 1, xy−1zy−1x = 1, xz−1xyz−1y = 1 T
64 yzy−1z = 1, yx−1zx−1y = 1, xzx−1z = 1, xy−2x = 1, xz−1xyz−1y = 1 BS(1,−1)
65 yzy−1z = 1, yx−1zx−1y = 1, xzx−1z = 1, xy−1zy−1x = 1, xz−1xyz−1y1 = T
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n R1, R2, R3, R4, R5 E
66 yzy−1z = 1, yx−1zx−1y = 1, xy−2x = 1, xz−1x−1z = 1, x2yz−1y = 1 T
67 yzy−1z = 1, yx−1zx−1y = 1, xy−2x = 1, xz−1xz = 1, x2yz−1y = 1 T
68 yzy−1z = 1, yx−1zx−1y = 1, xy−1zy−1x = 1, xz−1x−1z = 1, x2yz−1y = 1 T
69 yzy−1z = 1, yx−1zx−1y = 1, xy−1zy−1x = 1, xz−1xz = 1, x2yz−1y = 1 T
70 yzy−1z = 1, yx−1zy−1x = 1, xyz = 1, xy−1zx−1y = 1, xz−1y2z−1x = 1 z = yx
71 yzy−1z = 1, yx−1zy−1x = 1, xzx−1z = 1, xy−1zx−1y = 1, xz−1y2z−1x = 1 BS(1,−1)
72 yzy−1z = 1, yx−1zy−1x = 1, xy−1xy = 1, xz−1x−1z = 1, xy2z−1x = 1 BS(1,−1)
73 yzy−1z = 1, yx−1zy−1x = 1, xy−1zx−1y = 1, xz−1x−1z = 1, xy2z−1x = 1 Abelian
74 yzy−1z = 1, yx−1zy−1x = 1, yx−1zy−1x = 1, yz−1y−1z = 1, y3z−1y = 1 T
75 (yx−1)2y = 1, yz−1x−1z = 1, (xy−1)2x = 1, xz−1y−1z = 1, x2y2 = 1 T
76 (yx−1)2y = 1, yz−1x−1z = 1, (xy−1)2x = 1, xz−1xz = 1, x2y2 = 1 T
77 (yx−1)2y = 1, yz−1yz = 1, (xy−1)2x = 1, xz−1y−1z = 1, x2y2 = 1 T
78 (yx−1)2y = 1, yz−1yz = 1, (xy−1)2x = 1, xz−1xz = 1, x2y2 = 1 T
79 yx−1zx−1y = 1, yz−1y−1z = 1, x2z = 1, xy−1zy−1x = 1, xz−1xy2 = 1 T
80 yx−1zx−1y = 1, yz−1y−1z = 1, xzx−1z = 1, xy−2x = 1, xz−1xy2 = 1 T
81 yx−1zx−1y = 1, yz−1y−1z = 1, xzx−1z = 1, xy−1zy−1x = 1, xz−1xy2 = 1 T
82 yx−1zx−1y = 1, yz−1y−1z = 1, xy−2x = 1, xz−1x−1z = 1, x2y2 = 1 T
83 yx−1zx−1y = 1, yz−1y−1z = 1, xy−2x = 1, xz−1xz = 1, x2y2 = 1 T
84 yx−1zx−1y = 1, yz−1y−1z = 1, xy−1zy−1x = 1, xz−1x−1z = 1, x2y2 = 1 BS(1,−1)
85 yx−1zx−1y = 1, yz−1y−1z = 1, xy−1zy−1x = 1, xz−1xz = 1, x2y2 = 1 BS(1,−1)
86 yx−1zx−1y = 1, yz−1yz = 1, x2z = 1, xy−1zy−1x = 1, xz−1xy2 = 1 BS(1,−1)
87 yx−1zx−1y = 1, yz−1yz = 1, xzx−1z = 1, xy−2x = 1, xz−1xy2 = 1 BS(1,−1)
88 yx−1zx−1y = 1, yz−1yz = 1, xzx−1z = 1, xy−1zy−1x = 1, xz−1xy2 = 1 T
89 yx−1zx−1y = 1, yz−1yz = 1, xy−2x = 1, xz−1x−1z = 1, x2y2 = 1 T
90 yx−1zx−1y = 1, yz−1yz = 1, xy−2x = 1, xz−1xz = 1, x2y2 = 1 T
91 yx−1zx−1y = 1, yz−1yz = 1, xy−1zy−1x = 1, xz−1x−1z = 1, x2y2 = 1 T
92 yx−1zx−1y = 1, yz−1yz = 1, xy−1zy−1x = 1, xz−1xz = 1x2y2 = 1 T
K2 of Figure 14: Taking into account the relations from Table 7 which are not rejected, it can be see that
there are 634 different cases for the relations of 5 cycles of length 4 on vertices of degree 4 in Γ with the structure
of the graph K2 as Figure 14. Using GAP [9], a free group with generators x, y, z and the relations of these 5
cycles which are between 621 cases of these 634 cases is finite or abelian, that is a contradiction. Hence, there
are 13 cases which may lead to the existence of K2 in Γ. We checked these such cases. In the following, we show
that all of such cases lead to contradictions and therefore Γ does not contain any subgraph isomorphic to K2 as
Figure 14.
(1) r1 : xzx
−1zy−1x = 1, r2 : xzy
−1xz−1y = 1, r3 : xzyz = 1, r4 : (x
−1y)2(z−1y)2 = 1, r5 : y(zx
−1)2y =
1
In this case, it can be seen that 〈x, y, z〉 has a non-trivial torsion element, a contradiction.
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(2) r1 : xz
−1x−1zy−1x = 1, r2 : xz
−1y−1xy−1z = 1, r3 : xz
−2yx−1y = 1, r4 : (x
−1y)2x−1zy−1z = 1, r5 :
yz−1x−1zx−1y = 1
In this case, it can be seen that x = z, a contradiction.
(3) r1 : xz
−1y−1zy−1x = 1, r2 : xz
−2x−1z = 1, r3 : xz
−1x−1zx−1y = 1, r4 : (x
−1y)2z−1yx−1z = 1, r5 :
yz−1y−1zx−1y = 1
In this case, it can be seen that 〈x, y, z〉 is isomorphic to a quotient group of BS(1, 2).
(4) r1 : yz
−1x−1zy−1x = 1, r2 : yz
−1y−1xy−1z = 1, r3 : yz
−2yx−1y = 1, r4 : (x
−1y)2x−1zy−1z = 1 r5 :
xz−1x−1zx−1y = 1
In this case, it can be seen that y = z, a contradiction.
(5) r1 : yz
−1x−1zy−1x = 1, r2 : yz
−1y−1zx−1z = 1, r3 : yz
−2xz−1y = 1, r4 : (x
−1yx−1z)2 = 1, r5 :
xz−1(x−1z)2 = 1
In this case, it can be seen that y = z, a contradiction.
(6) r1 : yz
−1x−1zy−1x = 1, r2 : yz
−2y−1z = 1, r3 : yz
−1y−1zx−1y = 1, r4 : (x
−1y)2z−1xy−1z = 1, r5 :
xz−1x−1zx−1y = 1
In this case, it can be seen that 〈x, y, z〉 is isomorphic to a quotient group of BS(1, 2), a contradiction.
(7) r1 : x(zy
−1)2x = 1, r2 : xzx
−1yz−1y = 1, r3 : xzyz = 1, r4 : (x
−1y)2z−1xz−1y = 1, r5 :
yzy−1zx−1y = 1
In this case, it can be seen that 〈x, y, z〉 is Abelian.
(8) r1 : (xz
−1)2y−1x = 1, r2 : xz
−1x2z−1y = 1, r3 : xz
−1xy−1xz = 1, r4 : (x
−1y)2(z−1y)2 = 1, r5 :
yz−1xz−1x−1y = 1
In this case, it can be seen that x = y, a contradiction.
(9) r1 : (xz
−1)2y−1x = 1, r2 : xz
−1xyz−1y = 1, r3 : xz
−1xy−1xz = 1, r4 : (x
−1y)2z−1xz−1y = 1, r5 :
yz−1xz−1x−1y = 1
In this case, it can be seen that x = y, a contradiction.
(10) r1 : xz
−1yz−1y−1x = 1, r2 : xz
−1y2z−1y = 1, r3 : xz
−1yx−1yz = 1, r4 : (x
−1y)2z−1xz−1y = 1, r5 :
(yz−1)2x−1y = 1
In this case, it can be seen that x = yz, a contradiction.
(11) r1 : yzx
−1zy−1x = 1, r2 : yz
2y−1z = 1, r3 : yzy
−1zx−1y = 1, r4 : (x
−1y)2z−1xy−1z = 1, r5 :
x(zx−1)2y = 1. In this case, it can be seen that 〈x, y, z〉 is isomorphic to a quotient group of BS(1,−2),
a contradiction.
(12) r1 : yz
−2xy−1x = 1, r2 : yz
−1(y−1z)2 = 1, r3 : yz
−1x−1zx−1y = 1, r4 : x
−1(yz−1)2xy−1z = 1, r5 :
xz−2xz−1y = 1 y = x
In this case, it can be seen that x = y, a contradiction.
(13) r1 : yz
−1xz−1y−1x = 1, r2 : yz
−1xyz−1y = 1, r3 : yz
−1xy−1xz = 1, r4 : (x
−1y)2z−1xz−1y = 1, r5 :
(xz−1)2x−1y = 1
In this case, it can be seen that z = y, a contradiction.
H of Figure 15: Suppose that graph H is a subgraph of Z(α, β). Since degZ(α,β)(g1) = 5 and degZ(α,β)(g2) = 5,
Remark 4.1 implies θ4(g1) = 0, θ3(g1) = 1, θ4(g2) = 0 and θ3(g2) = 1. Hence, there exist s, s
′ ∈ ∆3(α,β) such
that g1 ∈ V(α,β)(s) and g2 ∈ V(α,β)(s
′). In view of the graph H, a cycle of length 3 in Z(α, β) contains g1 if and
only if it contains g2. Hence, s = s
′ since otherwise contradicting to the part (3) of Lemma 3.6. Let V(α,β)(s) =
{gs1, g1, g2} and C,C
′ and C′′ be 3 cycles of length 3 with vertex sets VC = {g1, g2, g3}, VC′ = {g1, g2, g4}
and VC′′ = {g1, g2, g5}, respectively. Suppose that TC = [h1, h
′
1, h2, h
′
2, h3, h
′
3], TC′ = [h1, h
′
1, r2, r
′
2, r3, r
′
3] and
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g1 g2
gs1 g3 g4 g5 H
Figure 15. A forbidden subgraph of Z(α, β), where the degree of vertices g1 and g2 of
the subgraph in Z(α, β) must be 5.
TC′′ = [h1, h
′
1, t2, t
′
2, t3, t
′
3] are the 6-tuples of C,C
′ and C′′, respectively, with the following relations:
R(C) :


h1g1 = h
′
1g2
h2g2 = h
′
2g3
h3g3 = h
′
3g1
, R(C′) :


h1g1 = h
′
1g2
r2g2 = r
′
2g4
r3g4 = r
′
3g1
, R(C′′) :


h1g1 = h
′
1g2
t2g2 = t
′
2g5
t3g5 = t
′
3g1
.
Clearly, h1 = sg
−1
1 and h
′
1 = sg
−1
2 . Now, since Θ3(g1) = {sg
−1
1 }, Θ4(g2) = {sg
−1
2 }, θ4(g1) = 0 and θ4(g2) = 0,
it is easy to see that h1 6= h
′
1 6= h2 6= h
′
2 6= h3 6= h
′
3 6= h1, r2 6= r
′
2 6= r3 6= r
′
3 6= h1, t2 6= t
′
2 6= t3 6= t
′
3 6= h1,
h2 6= r2 6= t2 6= h2 and h
′
3 6= r
′
3 6= t
′
3 6= h
′
3. On the other hand, replacing α by (sg
−1
1 )
−1α, we may assume that
h1 = 1. Then the relations corresponding to these 3 cycles are the same as the relations corresponding to 3 cycles
of length 3 in K1,1,3 as Figure 11 and therefore H is a forbidden subgraph of Z(α, β). This completes the proof
of Theorem 4.5.
10. Appendix
In this section we give more details on the proof of Theorems 5.12 and 5.13. Before we do these, we need some
explanation which are almost similar to Appendix 9 as follows:
In this section, let α be a zero divisor or a unit in F[G] for a possible torsion free group G and arbitrary field F
with supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and β be a mate of α. By
Remarks 3.8 and 3.9, we may assume that G = 〈supp(α)〉 = 〈supp(β)〉. Suppose that C is a cycle of length n
as Figure 16 in Z(α, β) or U(α, β). Suppose further that {g1, . . . , gn} ⊆ supp(β) is the vertex set of C such that
gi ∼ gi+1 for all i ∈ {1, . . . , n − 1} and g1 ∼ gn. By an arrangement l of the vertex set C, we mean a sequence
of all vertices as x1, . . . , xk such that xi ∼ xi+1 for all i ∈ {1, . . . , n − 1} and x1 ∼ xn. Since gi ∼ gi+1 for all
gn−2
gn−1
gn
g1 g2
g3
Figure 16. A cycle of length n in Z(α, β) or U(α, β).
i ∈ {1, . . . , n− 1} and g1 ∼ gn for each i ∈ {1, 2, . . . , n}, there exist distinct elements hi, h
′
i ∈ supp(α) satisfying
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the following relations:
(10.1) C :


h1g1 = h
′
1g2 → g1g
−1
2 = h
−1
1 h
′
1
h2g2 = h
′
2g3 → g2g
−1
3 = h
−1
2 h
′
2
...
hngn = h
′
ng1 → gng
−1
1 = h
−1
n h
′
n
.
We assign a 2n-tuple T lC = [h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n] to the cycle C corresponding to the above arrangement
l of the vertex set of C. We denote by R(T lC) the above set R of relations. It can be derived from the re-
lations 10.1 that r(T lC) := (h
−1
1 h
′
1)(h
−1
2 h
′
2) . . . (h
−1
n h
′
n) is equal to 1. According to Remarks 5.4 and 5.5 and
the explanations before them in Section 5, if [h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n] is a 2n-tuple of C according to arrange-
ment l of the vertex set of C and there is i ∈ {1, . . . , n} such that (hi, h
′
i) = (1, x), (x, 1), (1, x
−1) or (x−1, 1), then
[h1, h
′
1, . . . , hi−1, h
′
i−1, x
−1, 1, . . . , hn, h
′
n], [h1, h
′
1, . . . , hi−1, h
′
i−1, 1, x
−1, . . . , hn, h
′
n], [h1, h
′
1, . . . , hi−1, h
′
i−1, x, 1, . . . ,
hn, h
′
n] or [h1, h
′
1, . . . , hi−1, h
′
i−1, 1, x, . . . , hn, h
′
n], respectively, is also 2n-tuple of C according to arrangement l of
the vertex set of C. For each arrangement l of the vertex set of C, the set of all such 2n-tuples will be denoted
by T l(C). Then, if T l
′
C is a 2n-tuple of C corresponding to another arrangement l
′ of the vertex set of C, then
there exists 2n-tuple T = [h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n], T ∈ T
l(C) such that T l
′
C is one of the following 2n-tuples:
[h2, h
′
2, h3, h
′
3, . . . , hn, h
′
n, h1, h
′
1],
[h3, h
′
3, h4, h
′
4, . . . , h1, h
′
1, h2, h
′
2],
...
[hn, h
′
n, h1, h
′
1, . . . , hn−2, h
′
n−2, hn−1, h
′
n−1],
[h′n, hn, h
′
n−1, hn−1, . . . , h
′
2, h2, h
′
1, h1],
...
[h′1, h1, h
′
n, hn, . . . , h3, h
′
3, h2, h
′
2],
Suppose that T (C) =
⋃
l∈L T
l(C), where L is the set of all such arrangement of the vertex set of C, and also
R(T ) = {R(C)|T ∈ T (C)}.
Definition 10.1. Let Γ be a zero divisor graph or a unit graph on a pair of elements (α, β) in F[G] for a possible
torsion free group G and arbitrary field F with supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial
elements of G, and β be a mate of α. Let C be a cycle of length n in Γ. Since r(T1) = 1 if and only if r(T2) = 1,
for all T1, T2 ∈ T (C), a member of {r(T )|T ∈ T (C)} is given as a representative and denoted by r(C). Also,
r(C) = 1 is called the relation of C.
Definition 10.2. Let Γ be a zero divisor graph or a unit graph on a pair of elements (α, β) in F[G] for a possible
torsion free group G and arbitrary field F with supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial
elements of G, and β be a mate of α. Let C and C′ be two cycles of length n in Γ. We say that these two cycles
are equivalent, if T (C) ∩ T (C′) 6= ∅ and otherwise are non-equivalent.
Remark 10.3. Suppose that C and C′ are two cycles of length n in Z(α, β) or U(α, β). Then clearly if C and
C′ are equivalent cycles, then T (C) = T (C′).
Remark 10.4. Let α be a zero divisor in F[G] for a possible torsion free group G and arbitrary field F with
supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and β be a mate of α. Suppose that
C is a cycle of length n in Z(α, β) with the vertex set {g1, g2, . . . , gn} ⊆ supp(β) and T1 = [h1, h
′
1, h2, h
′
2, . . . , hn, h
′
n]
is a 2n-tuple of C according to arrangement g1, g2, . . . , gn. By Remark 4.1, if g is a vertex of degree 4 in Z(α, β),
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then θ3(g) = 0 and θ4(g) = 0. By the latter and since if g is a vertex of degree 4 of types (i) and (ii), then
|MZ(α,β)(g)| = 0 and |MZ(α,β)(g)| = 1, respectively, the following statements hold:
• If gi is a vertex of degree 4 in Z(α, β), i ∈ {1, . . . , n}, then:
– if i ∈ {3, . . . , n − 1}, then hi 6= h
′
i−1, h
′
i 6= hi+1 and hi−1 6= h
′
i−2, if i = 1, then h1 6= h
′
n, h
′
1 6= h2
and hn 6= h
′
n−1, if i = 2, then h2 6= h
′
1, h
′
2 6= h3 and h1 6= h
′
n and if i = n, then hn 6= h
′
n−1, h
′
n 6= h1
and hn−1 6= h
′
n−2.
– Suppose that i ∈ {3, . . . , n − 1}. If h−1k h
′
k = x, where k ∈ {i, i − 1}, then hk+1 /∈ {1, x} and
h′k−1 /∈ {1, x
−1}, if h−1i+1h
′
i+1 = x, then h
′
i /∈ {1, x
−1} and if h−1i−2h
′
i−2 = x, then hi−1 /∈ {1, x}. If
h−1k h
′
k = x
−1, where k ∈ {i, i− 1}, then hk+1 /∈ {1, x
−1} and h′k−1 /∈ {1, x}, if h
−1
i+1h
′
i+1 = x
−1, then
h′i /∈ {1, x} and if h
−1
i−2h
′
i−2 = x
−1, then hi−1 /∈ {1, x
−1}.
– Suppose that i = 1. If h−11 h
′
1 = x, then h2 /∈ {1, x} and h
′
n /∈ {1, x
−1}, if h−1n h
′
n = x, then h1 /∈ {1, x}
and h′n−1 /∈ {1, x
−1}, if h−12 h
′
2 = x, then h
′
1 /∈ {1, x
−1} and if h−1n−1h
′
n−1 = x, then hn /∈ {1, x}.
If h−11 h
′
1 = x
−1, then h2 /∈ {1, x
−1} and h′n /∈ {1, x}, if h
−1
n h
′
n = x
−1, then h1 /∈ {1, x
−1} and
h′n−1 /∈ {1, x}, if h
−1
2 h
′
2 = x
−1, then h′1 /∈ {1, x} and if h
−1
n−1h
′
n−1 = x
−1, then hn /∈ {1, x
−1}.
– Suppose that i = 2. If h−12 h
′
2 = x, then h3 /∈ {1, x} and h
′
1 /∈ {1, x
−1}, if h−11 h
′
1 = x, then
h2 /∈ {1, x} and h
′
n /∈ {1, x
−1}, if h−13 h
′
3 = x, then h
′
2 /∈ {1, x
−1} and if h−1n h
′
n = x, then h1 /∈ {1, x}.
If h−12 h
′
2 = x
−1, then h3 /∈ {1, x
−1} and h′1 /∈ {1, x}, if h
−1
1 h
′
1 = x
−1, then h2 /∈ {1, x
−1} and
h′n /∈ {1, x}, if h
−1
3 h
′
3 = x
−1, then h′2 /∈ {1, x} and if h
−1
n h
′
n = x
−1, then h1 /∈ {1, x
−1}.
– Suppose that i = n. If h−1n h
′
n = x, then h1 /∈ {1, x} and h
′
n−1 /∈ {1, x
−1}, if h−1n−1h
′
n−1 = x, then
hn /∈ {1, x} and h
′
n−2 /∈ {1, x
−1}, if h−11 h
′
1 = x, then h
′
n /∈ {1, x
−1} and if h−1n−2h
′
n−2 = x, then
hn−1 /∈ {1, x}. If h
−1
n h
′
n = x
−1, then h1 /∈ {1, x
−1} and h′n−1 /∈ {1, x}, if h
−1
n−1h
′
n−1 = x
−1, then
hn /∈ {1, x
−1} and h′n−2 /∈ {1, x}, if h
−1
1 h
′
1 = x
−1, then h′n /∈ {1, x} and if h
−1
n−2h
′
n−2 = x
−1, then
hn−1 /∈ {1, x
−1}.
• If gi is a vertex of degree 4 of type (ii) in Z(α, β), i ∈ {1, . . . , n}, then:
– If {hi, h
′
i−1} = {x, x
−1}, then h′i 6= hi−1 and 1 ∈ {h
′
i, hi−1}.
– If hi = 1, then h
′
i ∈ {x, x
−1} and if h′i−1 = 1, then hi−1 ∈ {x, x
−1}.
• If gi is a vertex of degree 4 of type (i) in Z(α, β), i ∈ {1, . . . , n}, then:
– If hi ∈ {x, x
−1}, then h′i 6= 1 and if h
′
i−1 ∈ {x, x
−1}, then hi−1 6= 1.
– If hi = 1, then h
′
i = y and if h
′
i−1 = 1, then hi−1 = y.
Remark 10.5. Let α be a unit in F[G] for a possible torsion free group G and arbitrary field F with supp(α) =
{1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and β be a mate of α. Let F = {g|g ∈
VU(α,β), degU(α,β)(g) = 4}. In view of the proof of Lemma 3.4, if g is a vertex of degree 3 in U(α, β), then
θ3(g) = 0 and θ4(g) = 0 and either for each g ∈ F , θ3(g) = 0 and θ4(g) = 0 or there exists g
′ ∈ F such that
θ3(g
′) = 1 and θ4(g
′) = 0 and for each g ∈ F \ {g′}, θ3(g) = 0 and θ4(g) = 0. Hence, if C is a cycle of length
3 in U(α, β) such that the vertex set of it contains at least a vertex of degree 3 in U(α, β) or two vertices of
degree 4 in U(α, β) and T1 = [h1, h
′
1, h2, h
′
2, h3, h
′
3] is a 2n-tuple of C, then h1 6= h
′
1 6= h2 6= h
′
2 6= h3 6= h
′
3 6= h1.
Also, there exists at most one integer number j ∈ {1, 2, 3} such that h−1j h
′
j ∈ {x, x
−1}. Moreover, if h−11 h
′
1 = x
(resp. h−11 h
′
1 = x
−1), then h2 /∈ {1, x} (resp. h2 /∈ {1, x
−1}) and h′3 /∈ {1, x
−1} (h3 /∈ {1, x}), if h
−1
2 h
′
2 = x
(resp. h−12 h
′
2 = x
−1), then h3 /∈ {1, x} (h3 /∈ {1, x
−1}) and h′1 /∈ {1, x
−1} (resp. h′1 /∈ {1, x}) and if h
−1
3 h
′
3 = x
(h−13 h
′
3 = x
−1), then h1 /∈ {1, x} (resp. h1 /∈ {1, x
−1}) and h′2 /∈ {1, x
−1} (resp. h′2 /∈ {1, x}).
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Remark 10.6. Let Γ be a graph with vertices of degree less than or equal to 12 and B be the set of all cycles in Γ.
Let G(Γ) := 〈supp(α) | r(C), C ∈ B〉 . If at least one of the following cases happens, then clearly Γ is a forbidden
subgraph of Z(α, β) and U(α, β):
1. G(Γ) is an abelian group.
2. G(Γ) is a quotient group of BS(1, n).
3. G(Γ) has a non-trivial torsion element.
Proof of Theorems 1.3 and 8.13 Let α be a zero divisor in F[G] for a possible torsion free group G and
arbitrary field F with supp(α) = {1, x, x−1, y}, where x and y are distinct non-trivial elements of G, and β be a
mate of α.
C3: Suppose that C is a cycle of length 3 in Z : Z(α, β) such that its vertex set contains at least a vertex
of degree 4 in Z(α, β). Suppose further that T ∈ T (C) and T = [h1, h
′
1, h2, h
′
2, h3, h
′
3]. By Remark 10.4,
h1 6= h
′
1 6= h2 6= h
′
2 6= h3 6= h
′
3 6= h1 and there exists at most one integer number j ∈ {1, 2, 3} such that h
−1
j h
′
j ∈
{x, x−1}. Moreover, if h−11 h
′
1 = x (respectively, h
−1
1 h
′
1 = x
−1), then h2 /∈ {1, x} (respectively, h2 /∈ {1, x
−1}) and
h′3 /∈ {1, x
−1} (respectively, h3 /∈ {1, x}), if h
−1
2 h
′
2 = x (respectively, h
−1
2 h
′
2 = x
−1), then h3 /∈ {1, x} (respectively,
h3 /∈ {1, x
−1}) and h′1 /∈ {1, x
−1} (respectively, h′1 /∈ {1, x}) and if h
−1
3 h
′
3 = x (respectively, h
−1
3 h
′
3 = x
−1), then
h1 /∈ {1, x} (respectively, h1 /∈ {1, x
−1}) and h′2 /∈ {1, x
−1} (respectively, h′2 /∈ {1, x}). Also by [1, Lemma 2.4],
we may assume that h1 ∈ {1, y}. Hence, by using GAP [9], it can be seen that there exist 71 non-equivalent cases
for T . We checked the relations of such non-equivalent cases. In Table 14, it can be seen that 57 cases among
71 cases lead to contradictions. Hence, there are just 14 cases which may lead to the existence of the cycle C in
Z(α, β) which are listed in Table 13.
1.x2yx−1y = 1 2.x−1y−1xy−1x−1 = 1 3.yx−1yx2 = 1 4.x2y−1x−1y−1 = 1
5.yxyx−2 = 1 6.yx−3y = 1 7.yx3y = 1 8.x−2yxy = 1
9.y−1x3y−1x−1 = 1 10.y−1x2yx−2 = 1 11.y−1x2yx2 = 1 12.(y−1x)2y−1x−1 = 1
13.y−1xy−1x−3 = 1 14.y−1x(y−1x−1)2 = 1
Table 13. Possible relations of a cycle of length 3 in Z(α, β) which its vertex set contains
at least a vertex of degree 4 in Z(α, β).
Table 14. The relations of a cycle of length 3 which its vertex set contains at least a
vertex of degree 4 in Z(α, β) that lead to contradictions.
r(C3) E r(C3) E r(C3) E
1.x3y = 1 Abelian 2.x5 = 1 T 3.x4y = 1 Abelian
4.x3y−1x = 1 Abelian 5.x2y2 = 1 BS(1,−1) 6.x2yx2 = 1 Abelian
7.x(xy)2 = 1 Abelian 8.xy−1x−1y = 1 Abelian 9.xy−1x2 = 1 Abelian
10.xy−1xy = 1 BS(1,−1) 11.xy−2x = 1 BS(1,−1) 12.xy−1xy = 1 BS(1,−1)
13.xy−1x3 = 1 Abelian 14.xy−1x2y = 1 BS(2,−1) 15.(xy−1)2x = 1 Abelian
16.(yx)2x = 1 Abelian 17.xy−1x−1y = 1 Abelian 18.xy−1x−2y = 1 BS(2, 1)
19.x−3y = 1 Abelian 20.x−5 = 1 T 21.x−4y = 1 Abelian
Continued on next page
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r(C3) E r(C3) E r(C3) E
22.x−3y−1x−1 = 1 Abelian 23.x−2y2 = 1 BS(1,−1) 24.x−2yx−2 = 1 Abelian
25.x−1(x−1y)2 = 1 Abelian 26.x−1y−1x−2 = 1 Abelian 27.x−1y−1x−1y = 1 BS(−1, 1)
28.x−1y−1xy = 1 Abelian 29.x−1y−2x−1 = 1 BS(1,−1) 30.x−1y−1xy = 1 Abelian
31.x−1y−1x2y BS(2, 1) 32.yx4 = 1 Abelian 33.yx2y−1x = 1 BS(1,−2)
34.x−1y−1x−1y = 1 BS(−1, 1) 35.x−1y−1x−3 = 1 Abelian 36.x−1y−1x−2y = 1 BS(−2, 1)
37.(x−1y−1)2x−1 = 1 Abelian 38.y3 = 1 T 39.y2x−2 = 1 BS(1,−1)
40.y2x−1y = 1 Abelian 41.y2x2 = 1 BS(1,−1) 42.y2xy = 1 Abelian
43.yx−4 = 1 Abelian 44.yx−2y−1x = 1 BS(1, 2) 45.yx−2y−1x−1 = 1 BS(−1, 2)
46.(yx−1)2x−1 = 1 Abelian 47.(yx−1)2y = 1 Abelian 48.yx−1yxy = 1 BS(1,−2)
49.yx2y−1x−1 = 1 BS(1, 2) 50.(yx)2y = 1 Abelian 51.yxyx−1y = 1 BS(2,−1)
52.y−1x5 = 1 Abelian 53.y−1x3y−1x = 1 BS(1,−3) 54.(y−1x)3 = 1 T
55.y−1x−5 = 1 Abelian 56.y−1x−3y−1x−1 = 1 BS(−1, 1) 57.(y−1x−1)3 = 1 T
Graph H1 of Figure 17: Suppose that C and C
′ are two cycles of length 3 in Z(α, β) with vertex sets
VC = {g1, g2, g3} ⊂ supp(β) and VC′ = {g1, g2, g4} ⊂ supp(β), respectively, (i.e., C and C
′ have exactly an edge
in common ) such that degZ(g1) = 4. Further suppose that T
′ ∈ T (C′), T ∈ T (C) and T ′ = [h1, h
′
1, t2, t
′
2, t3, t
′
3]
and T = [h1, h
′
1, h2, h
′
2, h3, h
′
3], where the first two components are related to the common edge between these
cycles. We note that by Remark 10.4, h′3 6= t
′
3, if t
−1
3 t
′
3 = x, then h
′
3 /∈ {1, x} and if t
−1
3 t
′
3 = x
−1, then h′3 /∈ {1, x
−1}
and if h2 = t2, then h
′
2 6= t
′
2 since otherwise g3 = g4, a contradiction.
With consideration of Table 13 and by using GAP [9], it can be seen that there are 9 different cases for the
relations of two cycles of length 3 with this structure. Using GAP [9], a free group with generators x, y and the
relations of these cycles which are between 5 cases of such 9 cases is finite, that is a contradiction. In the following
it can be seen that 4 other cases lead to contradictions and so, the graph Z(α, β) contains no subgraph isomorphic
to the graph H1 of Figure 17.
(1) r1 : y
−1x3y−1x−1 = 1, r2 : y
−1x2yx2 = 1.
Using Tietze transformation where y 7→ xy and x 7→ x, we have:
r1 7→ y
−1x2y−1x−2 = 1 and r2 7→ r2. By r1 and r2, x
4 = y−2 and therefore x4 ∈ Z(〈x, y〉). On the other
hand, r2 implies x
4 = (x−4)y. Hence, x8 = 1, a contradiction.
(2) r1 : y
−1x2yx2 = 1, r2 : (y
−1x)2y−1x−1 = 1.
Using Tietze transformation where y 7→ xy and x 7→ x, we have:
r1 7→ r1 and r2 7→ x
2 = y−3. Thus, x2 ∈ Z(〈x, y〉) and therefore x4 = 1, a contradiction.
(3) r1 : y
−1x2yx2 = 1, r2 : y
−1xy−1x−3 = 1.
Using Tietze transformation where y 7→ xy and x 7→ x, it can be seen that x8 = 1, a contradiction.
(4) r1 : y
−1x2yx2 = 1, r2 : y
−1x(y−1x−1)2 = 1.
Using Tietze transformation where y 7→ x−1y and x 7→ x, it can be seen that x4 = 1, a contradiction.
Graph H2 of Figure 17: Suppose that C and C
′ are two cycles of length 3 in Z(α, β) with vertex sets
VC = {g1, g2, g3} ⊂ supp(β) and VC′ = {g1, g2, g4} ⊂ supp(β), respectively, (i.e., C and C
′ have exactly an
edge in common ) such that degZ(g3) = 4 and degZ(g4) = 4. Further suppose that T
′ ∈ T (C′), T ∈ T (C),
T ′ = [h1, h
′
1, t2, t
′
2, t3, t
′
3] and T = [h1, h
′
1, h2, h
′
2, h3, h
′
3], where the first two components are related to the com-
mon edge between these cycles. We note that in view of Remark 10.4, h′3 6= t
′
3, if t
−1
3 t
′
3 = x, then h
′
3 /∈ {1, x},
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Figure 17. The degrees of white and gray vertices in Z(α, β) must be 4 and 4 of type
(ii), respectively.
if t−13 t
′
3 = x
−1, then h′3 /∈ {1, x
−1} and also h2 6= t2 and if t
−1
2 t
′
2 = x, then h2 /∈ {1, x
−1}, if t−12 t
′
2 = x
−1, then
h2 /∈ {1, x}. Thus, clearly the relations corresponding to the graph H2 are a subset of the relations corresponding
to the graph H1 as Figure 17. Hence, the graph Z(α, β) contains no subgraph isomorphic to the graph H2 of
Figure 17.
C4 : Suppose that C is a cycle of length 4 in Z(α, β) such that its vertex set contains at least two vertices of degree 4
in Z(α, β) (see graphs (a), (b) of Figure 17). Suppose further that T ∈ T (C) and T = [h1, h
′
1, h2, h
′
2, h3, h
′
3, h4, h
′
4].
By Remark 10.4, h1 6= h
′
1 6= h2 6= h
′
2 6= h3 6= h
′
3 6= h4 6= h
′
4 6= h1, if h
−1
1 h
′
1 = x (h
−1
1 h
′
1 = x
−1), then h2 /∈ {1, x}
(h2 /∈ {1, x
−1}) and h′4 /∈ {1, x
−1} (h4 /∈ {1, x}), if h
−1
2 h
′
2 = x (h
−1
2 h
′
2 = x
−1), then h3 /∈ {1, x} (h3 /∈ {1, x
−1})
and h′1 /∈ {1, x
−1} (h′1 /∈ {1, x}), if h
−1
3 h
′
3 = x (h
−1
3 h
′
3 = x
−1), then h4 /∈ {1, x} (h4 /∈ {1, x
−1}) and h′2 /∈ {1, x
−1}
(h′2 /∈ {1, x}) and if h
−1
4 h
′
4 = x (h
−1
4 h
′
4 = x
−1), then h1 /∈ {1, x} (h1 /∈ {1, x
−1}) and h′3 /∈ {1, x
−1} (h′3 /∈ {1, x}).
Also as for Lemma 2.4 of [?], we may assume that h1 ∈ {1, y}. Hence, by using GAP [9], it can be seen that there
exist 351 non-equivalent cases for T . We checked the relations of such non-equivalent cases. In Table 15, it can
be seen that 120 cases among 351 cases lead to contradictions. Hence, there are just 231 cases which may lead to
the existence of C in Z(α, β) which listed in Table 16.
Table 15. The relations of a cycle of length 4 which its vertex set contains at least 2
vertices of degree 4 in Z(α, β) that lead to contradictions.
n r(C4) E n r(C4) E
1 x6 = 1 T 2 x5y = 1 Abelian
3 x4y−1x = 1 Abelian 4 x3yx2 = 1 Abelian
5 x2(xy)2 = 1 BS(1,−1) 6 x3y = 1 Abelian
7 x7 = 1 T 8 x6y = 1 Abelian
9 x5y−1x = 1 Abelian 10 x4yx2 = 1 Abelian
11 x3y−1x−1y = 1 BS(1, 3) 12 x3y−1x2 = 1 Abelian
13 x3y−1xy = 1 BS(1,−3) 14 x3y−1x3 = 1 Abelian
15 (x2y)2 = 1 Abelian 16 x2yxy−1x = 1 BS(3,−1)
17 x2yx−1y−1x = 1 BS(3, 1) 18 x2yx3 = 1 Abelian
19 x2yx4 = 1 Abelian 20 x2yx3y = 1 Abelian
21 x(xy)2y = 1 BS(2,−1) 22 x(xy)3 = 1 Abelian
Continued on next page
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n r(C4) E n r(C4) E
23 xy−1x−2y = 1 BS(2, 1) 24 xy−1x−3y = 1 BS(3, 1)
25 xy−1x−1y2 = 1 BS(2, 1) 26 xy−1(x−1y)2 = 1 BS(2, 1)
27 xy−1x−1yx2 = 1 BS(1, 3) 28 xy−1x−1yxy = 1 BS(2, 1)
29 xy−1x2y = 1 BS(2,−1) 30 xy−1x4 = 1 Abelian
31 xy−1x3y = 1 BS(3,−1) 32 (xy−1x)2 = 1 Abelian
33 xy−1xyx2 = 1 BS(1,−3) 34 xy−2x−1y = 1 BS(1, 2)
35 xy−1(y−1x)2 = 1 BS(2,−1) 36 xy−1x5 = 1 Abelian
37 xy−1x4y = 1 BS(4,−1) 38 xy−1x3y−1x = 1 Abelian
39 (xy−1)2x−1y = 1 BS(1, 2) 40 (xy−1)2x2 = 1 BS(1,−1)
41 (xy−1)2y−1x = 1 BS(1,−2) 42 (xy−1)3x = 1 Abelian
43 xy−1x−3y = 1 BS(3, 1) 44 xy−1x−4y = 1 BS(4, 1)
45 x(y−1x−1)2y = 1 BS(1, 2) 46 x−6 = 1 T
47 x−5y = 1 Abelian 48 x−4y−1x−1 = 1 Abelian
49 x−3yx−2 = 1 Abelian 50 x−2(x−1y)2 = 1 BS(1,−1)
51 x−7 = 1 T 52 x−6y = 1 Abelian
53 x−5y−1x−1 = 1 Abelian 54 x−4yx−2 = 1 Abelian
55 x−3y−1x−2 = 1 Abelian 56 x−3y−1x−1y = 1 BS(1,−3)
57 x−3y−1xy = 1 BS(1, 3) 58 x−3y−1x−3 = 1 Abelian
59 x−2yx−1y−1x−1 = 1 BS(−3, 1) 60 (x−2y)2 = 1 Abelian
61 x−2yx−4 = 1 Abelian 62 x−2yx−3y = 1 Abelian
63 x−1(x−1y)2y = 1 BS(2,−1) 64 x−1(x−1y)3 = 1 Abelian
65 x−2yxy−1x−1 = 1 BS(3, 1) 66 x−1y−1x−2y = 1 BS(−2, 1)
67 x−1y−1x−4 = 1 Abelian 68 x−1y−1x−3y = 1 BS(−3, 1)
69 (x−1y−1x−1)2 = 1 Abelian 70 x−1y−1x−1yx−2 = 1 BS(−1, 3)
71 x−1y−1x3y = 1 BS(3, 1) 72 x−1y−1xy2 = 1 BS(1, 2)
73 x−1y−1xyx−2 = 1 BS(1, 3) 74 x−1y−1xyx−1y = 1 BS(1, 2)
75 x−1y−1(xy)2 = 1 BS(2, 1) 76 x−1y−1(y−1x−1)2 = 1 BS(2,−1)
77 x−1y−1x4y = 1 BS(4, 1) 78 x−1(y−1x)2y = 1 BS(2, 1)
79 x−1y−1x−3y = 1 BS(−3, 1) 80 x−1y−1x−5 = 1 Abelian
81 x−1y−1x−4y = 1 BS(−4, 1) 82 x−1y−1x−3y−1x−1 = 1 Abelian
83 (x−1y−1)2x−2 BS(1,−1) 84 (x−1y−1)2xy = 1 BS(1, 2)
85 (x−1y−1)2y−1x−1 = 1 BS(2,−1) 86 (x−1y−1)3x−1 = 1 Abelian
87 y4 = 1 T 88 y3x−1y = 1 Abelian
89 y3xy = 1 Abelian 90 y(yx−1)2x−1 = 1 BS(1,−2)
91 y(yx−1)2y = 1 BS(1,−1) 92 y2x−1yxy = 1 BS(1,−3)
93 y2xyx−1y = 1 BS(3,−1) 94 y(yx)2x = 1 BS(2,−1)
95 y(yx)2y = 1 BS(1,−1) 96 (yx−2)2 = 1 Abelian
97 yx−1(x−1y)2 = 1 BS(2,−1) 98 yx−6 = 1 Abelian
Continued on next page
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n r(C4) E n r(C4) E
99 yx−4y−1x = 1 BS(1, 4) 100 yx−4y−1x−1 = 1 BS(1,−4)
101 yx−3yx−2 = 1 Abelian 102 (yx−1y)2 = 1 Abelian
103 (yx−1)3x−1 = 1 Abelian 104 (yx−1)3y = 1 Abelian
105 (yx2)2 = 1 Abelian 106 yx(xy)2 = 1 BS(2,−1)
107 yx6 = 1 Abelian 108 yx4y−1x = 1 BS(1,−4)
109 yx4y−1x−1 = 1 BS(1, 4) 110 (yxy)2 = 1 Abelian
111 (yx)3x = 1 Abelian 112 (yx)3y = 1 Abelian
113 yx3yx2 = 1 Abelian 114 y−1x7 = 1 Abelian
115 (y−1x3)2 = 1 Abelian 116 (y−1x)4 = 1 Abelian
117 (y−1xy−1x−1)2 = 1 BS(1,−1) 118 y−1x−7 = 1 Abelian
119 (y−1x−1)4 = 1 Abelian 120 (y−1x−3)2 = 1 Abelian
Remark 10.7. In view of Remark 10.4, it can be seen that there exist 31 cases for the existence of a cycle of
length 4 on vertices of degree 4 of type (ii) in Z(α, β) which are marked by *s in Table 16.
Table 16. The relations for the existence of a cycle of length 4 which its vertex set
contains at least 2 vertices of degree 4 in Z(α, β).
n r(C4) n r(C4) n r(C4)
1 x3y2 = 1 2 x3yx−1y = 1 3 x4y2 = 1
4 x4yx−1y = 1 5 x3(xy)2 = 1 6 x3y−2x = 1
7 x3y−1x2y = 1 8∗ x2(xy−1)2x = 1 9 x3y−1x−2y = 1
10∗ x3y−1x−1y−1x = 1 11∗ x2yx−2y = 1 12 x2y3 = 1
13 x2y2x−1y = 1 14 x2y2x2 = 1 15 x2y2xy = 1
16 x2yx−2y = 1 17 x2yx−3y = 1 18∗ x2yx−2y−1x = 1
19 x2yx−1y2 = 1 20∗ x2(yx−1)2y = 1 21∗ x2yx−1yx2 = 1
22∗ x2yx−1yxy = 1 23∗ x2yx2y−1x = 1 24∗ x(xy)2x−1y = 1
25∗ x(xy)2x2 = 1 26 xy−1x−2y−1x = 1 27 xy−1xy2 = 1
28 xy−1xyx−1y = 1 29 xy−1(xy)2 = 1 30 xy−2x2 = 1
31 xy−2xy = 1 32 xy−3x = 1 33 xy−2xy = 1
34 xy−2x3 = 1 35 xy−2x2y = 1 36 xy−2x−2y = 1
37 xy−2x−1y−1x = 1 38 xy−1xy2 = 1 39 xy−1xyx−1y = 1
40 xy−1(xy)2 = 1 41 xy−1x2y2 = 1 42 xy−1x2yx−1y = 1
43 xy−1x2yx2 = 1 44 xy−1x(xy)2 = 1 45 (xy−1)2xy = 1
46 (xy−1)2xy = 1 47 (xy−1)2x3 = 1 48 (xy−1)2x2y = 1
49 (xy−1)2x−2y = 1 50∗ (xy−1)2x−1y−1x = 1 51∗ xy−1x−2y−1x = 1
52 xy−1x−3y−1x = 1 53 xy−1x−2y2 = 1 54 xy−1x−1(x−1y)2 = 1
55 xy−1x−2yx2 = 1 56 xy−1x−2yxy = 1 57 xy−1x−1y−1x2 = 1
58 xy−1x−1y−1xy = 1 59 xy−1x−1y−2x = 1 60 xy−1x−1y−1xy = 1
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n r(C4) n r(C4) n r(C4)
61 xy−1x−1y−1x3 = 1 62 xy−1x−1y−1x2y = 1 63∗ xy−1x−1(y−1x)2 = 1
64 x(y−1x−1)2x−1y = 1 65∗ x(y−1x−1)2y−1x = 1 66 x−3y2 = 1
67 x−3yxy = 1 68 x−4y2 = 1 69 x−3(x−1y)2 = 1
70 x−4yxy = 1 71 x−3y−2x−1 = 1 72 x−3y−1x2y = 1
73∗ x−3y−1xy−1x−1 = 1 74 x−3y−1x−2y = 1 75∗ x−2(x−1y−1)2x−1 = 1
76 x−2y3 = 1 77 x−2y2x−2 = 1 78 x−2y2x−1y = 1
79 x−2y2xy = 1 80∗ x−2yx−2y−1x−1 = 1 81∗ x−1(x−1y)2x−2 = 1
82∗ x−1(x−1y)2xy = 1 83∗ x−2yx2y = 1 84∗ x−2yx2y = 1
85 x−2yx3y = 1 86∗ x−2yx2y−1x−1 = 1 87 x−2yxy2 = 1
88∗ x−2yxyx−2 = 1 89∗ x−2yxyx−1y = 1 90∗ x−2(yx)2y = 1
91 x−1y−1x−1y2 = 1 92 x−1y−1(x−1y)2 = 1 93 x−1y−1x−1yxy = 1
94 x−1y−1x2y−1x−1 = 1 95 x−1y−2x−2 = 1 96 x−1y−2x−1y = 1
97 x−1y−3x−1 = 1 98 x−1y−2x2y = 1 99 x−1y−2xy−1x−1 = 1
100 x−1y−2x−1y = 1 101 x−1y−2x−3 = 1 102 x−1y−2x−2y = 1
103 x−1y−1x3y−1x−1 = 1 104 x−1y−1x2y2 = 1 105 x−1y−1x2yx−2 = 1
106 x−1y−1x2yx−1y = 1 107 x−1y−1x(xy)2 = 1 108 x−1y−1xy−1x−2 = 1
109 x−1y−1xy−1x−1y = 1 110 x−1y−1xy−2x−1 = 1 111 x−1(y−1x)2xy = 1
112∗ x−1(y−1x)2y−1x−1 = 1 113 x−1y−1xy−1x−1y = 1 114 x−1y−1xy−1x−3 = 1
115 x−1y−1xy−1x−2y = 1 116∗ x−1y−1x(y−1x−1)2 = 1 117 x−1y−1x−1y2 = 1
118 x−1y−1(x−1y)2 = 1 119 x−1y−1x−1yxy = 1 120 x−1y−1x−2y2 = 1
121 x−1y−1x−2yx−2 = 1 122 x−1y−1x−1(x−1y)2 = 1 123 x−1y−1x−2yxy = 1
124 (x−1y−1)2x−1y = 1 125 (x−1y−1)2x2y = 1 126∗ (x−1y−1)2xy−1x−1 = 1
127 (x−1y−1)2x−1y = 1 128 (x−1y−1)2x−3 = 1 129 (x−1y−1)2x−2y = 1
130 y3x−2 = 1 131 y3x2 = 1 132 y2x−4 = 1
133 y2x−3y = 1 134 y2x−2y−1x = 1 135 y2x−2y−1x−1 = 1
136 y2x−1yx2 = 1 137 y2x4 = 1 138 y2x3y = 1
139 y2x2y−1x = 1 140 y2x2y−1x−1 = 1 141 y2xyx−2 = 1
142 yx−2yx2 = 1 143 yx−2yxy = 1 144 yx−5y = 1
145 yx−2(x−1y)2 = 1 146 yx−3yx2 = 1 147 yx−3yxy = 1
148 yx−2y−1x−2 = 1 149 yx−2y−1x−1y = 1 150 yx−2y−1x2 = 1
151 yx−2y−1xy = 1 152 yx−2y−2x = 1 153 yx−2y−2x−1 = 1
154 yx−2y−1x3 = 1 155 yx−2y−1x2y = 1 156 yx−2(y−1x)2 = 1
157 yx−2y−1xy−1x−1 = 1 158 yx−2y−1x−3 = 1 159 yx−2y−1x−2y = 1
160 yx−1(x−1y−1)2x = 1 161 yx−1(x−1y−1)2x−1 = 1 162 yx−1y2x2 = 1
163 yx−1y2xy = 1 164 (yx−1)2x−3 = 1 165 (yx−1)2x−2y = 1
166 (yx−1)2x−1y−1x = 1 167 (yx−1)2x−1y−1x−1 = 1 168 (yx−1)2yx2 = 1
169 (yx−1)2yxy = 1 170 yx−1yx4 = 1 171 yx−1yx3y = 1
172 yx−1yx2y−1x = 1 173 yx−1yx2y−1x−1 = 1 174 yx−1yxyx−2 = 1
175 yx−1yxyx−1y = 1 176 yx−1(yx)2x = 1 177 yx−1(yx)2y = 1
Continued on next page
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n r(C4) n r(C4) n r(C4)
178 yx5y = 1 179 yx3yx−2 = 1 180 yx3yx−1y = 1
181 yx2(xy)2 = 1 182 yx2y−1x3 = 1 183 yx2y−1x2y = 1
184 yx(xy−1)2x = 1 185 yx(xy−1)2x−1 = 1 186 yx2y−1x−3 = 1
187 yx2y−1x−2y = 1 188 yx2y−1x−1y−1x = 1 189 yx2(y−1x−1)2 = 1
190 yxyx−4 = 1 191 yxyx−3y = 1 192 yxyx−2y−1x = 1
193 yxyx−2y−1x−1 = 1 194 yx(yx−1)2x−1 = 1 195 yx(yx−1)2y = 1
196 yxyx−1yx2 = 1 197 yxyx−1yxy = 1 198 (yx)2x3 = 1
199 (yx)2x2y = 1 200 (yx)2xy−1x = 1 201 (yx)2xy−1x−1 = 1
202 (yx)2yx−2 = 1 203 (yx)2yx−1y = 1 204 y−1x5y−1x = 1
205 y−1x5y−1x−1 = 1 206 y−1x4yx−2 = 1 207 y−1x(xy)2x2 = 1
208 y−1x4yx2 = 1 209 y−1x2(xy−1)2x = 1 210 y−1x2yx2y−1x−1 = 1
211 y−1x2(xy−1)2x−1 = 1 212 y−1x3y−1x−3 = 1 213 y−1x(xy)2x−2 = 1
214 y−1x3y−1x−1y−1x = 1 215 y−1x3(y−1x−1)2 = 1 216 y−1x2yx2y−1x = 1
217 y−1x2yx−4 = 1 218 y−1x2yx−2y−1x = 1 219 y−1x2yx4 = 1
220 y−1x2yx−2y−1x−1 = 1 221 y−1x2(yx−1)2x−1 = 1 222 y−1x2yx−1yx2 = 1
223∗ (y−1x)3y−1x−1 = 1 224 (y−1x)2y−1x−3 = 1 225∗ (y−1x)2(y−1x−1)2 = 1
226 y−1xy−1x−5 = 1 227 y−1xy−1x−3y−1x−1 = 1 228 y−1x(y−1x−1)2x−2 = 1
229∗ y−1x(y−1x−1)3 = 1 230 y−1x−5y−1x−1 = 1 231 y−1x−2(x−1y−1)2x−1 = 1
Graphs H3,H4,H5 and H6 of Figure 17: Suppose that C and C
′ are two cycles of length 4 in Z(α, β)
with vertex sets VC = {g1, g2, g3, g4} ⊂ supp(β) and VC′ = {g1, g2, g3, g5} ⊂ supp(β), respectively, (i.e., C and
C′ have exactly two consecutive edges in common ) such that each of the sets VC′ and VC and {g1, g4, g3, g5}
contains at least two vertices of degree 4 in Z(α, β). Further suppose that T ∈ T (C), T ′ ∈ T (C′), T =
[h1, h
′
1, h2, h
′
2, h3, h
′
3, , h4, h
′
4] and T
′ = [h1, h
′
1, h2, h
′
2, t3, t
′
3, t4, t
′
4], where the first four components are related to
the common edges between these cycles. Taking into account Table 16 and by a same discussion as about the
graph H1 as Figure 17 and using GAP [9], it can be seen that there are 442 different cases for the cycles of length
4 with above structure. Using GAP [9], a free group with generators x, y and the relations of these two cycles
which are between 410 cases of these 442 cases is finite or abelian, that is a contradiction. Hence, there are 32
cases which may lead to the existence of two cycles with this structure in Z(α, β). We checked these such cases.
In Table 17, it can be seen that 28 cases among these 35 cases lead to contradictions and so there are just 4 cases
which may lead to the existence of these cycles in Z(α, β) as follows:
1. T = [1, y, x, y, 1, y, x−1, y] → r(C) : yx−1y2xy = 1 and T ′ = [1, y, x, y, x−1, x, y, x−1] → r(C′) :
yx−1yx2y−1x−1 = 1.
2. T = [1, y, x, y, 1, y, x−1, y]→ r(C) : yx−1y2xy = 1 and T ′ = [1, y, x, y, x, y, x−1, x]→ r(C′) : (yx−1)2yx2 =
1.
3. T = [y, x, x−1, x, x−1, x, y, x] → r(C) : y−1x5y−1x = 1 and T ′ = [y, x, x−1, x, y, x−1, y, x−1] → r(C′) :
y−1x3(y−1x−1)2 = 1.
4. T = [y, x, x−1, y, x, y, x−1, x] → r(C) : y−1x2yx−1xyx2 = 1 and T ′ = [y, x, x−1, y, x−1, x, y, x−1] →
r(C′) : y−1x2yx2y−1x−1 = 1.
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As for Remark 10.4, none of the above cases can not be related to the graph H3 of Figure 17 and therefore Z(α, β)
does not contain any subgraph isomorphic to H3.
With consideration of above relations and Table 16, it can be seen that there are 3 different cases for the relations
of three cycles of length 4 with the structure of the graphs H4 and H5 in Z(α, β). Using GAP [9], a free group
with generators x, y and the relations of such cases is finite. Another case is the following:
r1 : yx
−1y2xy = 1, r2 : (yx
−1)2yx2 = 1, r3 : yx
−1yx2y−1x−1 = 1.
r2 and r3 imply that y is a torsion element of G, a contradiction. Thus, Z(α, β) does not contain any subgraph
isomorphic to H4 and H5 as Figure 17. Similarly, with consideration of above relations and Table 16, it can be
seen that there are 25 different cases for the relations of three cycles of length 4 with the structure of the graph H6
in Z(α, β). Using GAP [9], a free group with generators x, y and the relations of such cases is finite and therefore
Z(α, β) does not contain any subgraph isomorphic to H6.
Table 17. The relations of two cycles of length 4 in Z(α, β) which have exactly two
consecutive edges in common that lead to contradictions.
n r1 r2 E
1 x3y2 = 1 x3y−2x = 1 T
2 x4y2 = 1 x3y−2x = 1 T
3 x2y2x−1y = 1 x(xy)2x2 = 1 Abelian
4 x−4y2 = 1 x−3y−2x−1 = 1 T
5 x−2y2x−2 = 1 x−2yx2y = 1 T
6 y2x−4 = 1 y2x4 = 1 T
7 yx−2yx2 = 1 yx−2y−1x−2 = 1 T
8 yx−2yx2 = 1 yx−2y−1x−2y = 1 T
9 (yx−1)2x−3 = 1 yx−1yxyx−1y = 1 T
10 yxyx−1yxy = 1 (yx)2x3 = 1 T
11 x2y2x2 = 1 x2yx−2y = 1 T
12 xy−1x−2y−1x = 1 xy−1x−2yxy = 1 BS(2,−1)
13 xy−1x−2y2 = 1 xy−1x−1y−1x2 = 1 BS(2,−1)
14 xy−1x−2yxy = 1 x(y−1x−1)2y−1x = 1 T
15 x−1y−1x2y2 = 1 x−1y−1xy−1x−2 = 1 BS(1, 2)
16 x−1y−1x2yx−1y = 1 x−1(y−1x)2y−1x−1 = 1 T
17 yx−2yxy = 1 yx−2y−1x2 = 1 Abelian
18 (yx−1)2yx2 = 1 yx−1yx2y−1x−1 = 1 T
19 yxyx−2y−1x = 1 (yx)2yx−2 = 1 T
20 y−1x5y−1x = 1 y−1x3y−1x−3 = 1 T
21 y−1x4yx−2 = 1 y−1x2(xy−1)2x = 1 T
22 y−1x4yx−2 = 1 y−1x3y−1x−1y−1x = 1 T
23 y−1x4yx2 = 1 y−1x2(xy−1)2x−1 = 1 T
24 y−1x4yx2 = 1 y−1x3y−1x−3 = 1 T
25 y−1x4yx2 = 1 y−1x3(y−1x−1)2 = 1 T
Continued on next page
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n r1 r2 E
26 y−1x2yx−4 = 1 y−1x2yx4 = 1 T
27 y−1x2yx−2y−1x−1 = 1 y−1x(xy)2x2 = 1 Abelian
28 y−1x2(yx−1)2x−1 = 1 y−1x2yx2y−1x = 1 Abelian
H7,H8 and H9 of Figure 17: Taking into account Tables 16 and 13, it can be seen that there are 217
different cases for the relations of a cycle of length 3 and a cycle of length 4 with the structure of each of the
graphs H7, H8 and H9. Using GAP [9], a free group with generators x, y and the relations of these 2 cycles which
are between 194 cases of these 217 cases is finite or abelian, that is a contradiction. Hence, there are 23 cases
which may lead to the existence of each of the graphs H7, H8 and H9 in Z(α, β). We checked these such cases. In
Table 18, it can be seen that all such cases lead to contradictions and so Z(α, β) does not contain any subgraph
isomorphic to the graphs H7, H8 and H9.
Table 18. The relations of a cycle of length 3 and a cycle of length 4 which have exactly
an edge in common.
n r1 r2 E
1 x2yx−1y = 1 (xy−1)2x3 = 1 T
2 xy−1x−1y−1x = 1 x3(xy)2 = 1 T
3 x−2yxy = 1 (x−1y−1)2x−3 = 1 T
4 x−1y−1xy−1x−1 = 1 x−3(x−1y)2 = 1 T
5 y−1x2yx2 = 1 (y−1x)3y−1x−1 = 1 T
6 y−1x2yx2 = 1 (y−1x)2y−1x−3 = 1 BS(5, 1)
7 y−1x2yx2 = 1 (y−1x)2(y−1x−1)2 = 1 T
8 y−1x2yx2 = 1 y−1xy−1x−5 = 1 T
9 y−1x2yx2 = 1 y−1xy−1x−3y−1x−1 = 1 T
10 y−1x2yx2 = 1 y−1x(y−1x−1)2x−2 = 1 T
11 y−1x2yx2 = 1 y−1x(y−1x−1)3 = 1 T
12 (y−1x)2y−1x−1 = 1 y−1x4yx2 = 1 T
13 (y−1x)2y−1x−1 = 1 y−1x2(xy−1)2x = 1 T
14 (y−1x)2y−1x−1 = 1 y−1x3y−1x−1y−1x = 1 T
15 (y−1x)2y−1x−1 = 1 y−1x2yx4 = 1 BS(5,−1)
16 y−1xy−1x−3 = 1 y−1x5y−1x = 1 T
17 y−1xy−1x−3 = 1 y−1x4yx2 = 1 T
18 y−1xy−1x−3 = 1 y−1x2yx4 = 1 T
19 y−1xy−1x−3 = 1 y−1x(xy)2x2 = 1 T
20 y−1x(y−1x−1)2 = 1 y−1x4yx2 = 1 T
21 y−1x(y−1x−1)2 = 1 y−1x2(xy−1)2x = 1 T
22 y−1x(y−1x−1)2 = 1 y−1x3y−1x−1y−1x = 1 T
23 y−1x(y−1x−1)2 = 1 y−1x2yx4 = 1 T
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Γ1 Γ2
Figure 18. Two forbidden subgraphs of Z(α, β), where the degree of all vertices of any
subgraph in Z(α, β) must be 4 of type (ii).
Γ1 and Γ2 of Figure 18: Taking into account the relations from Table 16 which are marked by *s, it can
be seen that there are 31 different cases for the relations of 2 cycles of length 3 which have exactly an edge in
common on vertices of degree 3 in Z(α, β). Using GAP [9], a free group with generators x, y and the relations of
these 2 cycles which are between 24 cases of these 31 cases, is finite. Hence there are 7 cases which may lead to
the existence of these 2 cycles. We checked 7 such cases, 4 cases which are between these 7 cases imply that G
has a non-trivial torsion element that is a contradiction. Four such cases are as follows:
(1) r1 : x
2yx−2y = 1, r2 : x(y
−1x−1)2y−1x.
(2) r1 : x
2(yx−1)2y = 1, r2 : xy
−1x−2y−1x = 1.
(3) r1 : x
−2yx2y = 1 r2 : x
−1(y−1x)2y−1x−1 = 1.
(4) r1 : x
−2yx2y = 1 r2 : x
−1(y−1x)2y−1x−1 = 1.
Hence, there are 3 cases which may lead to the existence of 2 cycles of length 3 which have exactly an edge in
common on vertices of degree 3 in Z(α, β). Three such cases are as follows:
(1) r1 : x
2yx−2y = 1, r2 : xy
−1x−2y−1x = 1.
(2) r1 : x
2(yx−1)2y = 1, r2 : x(y
−1x−1)2y−1x = 1.
(3) r1 : x
−2(yx)2y = 1, r2 : x
−1(y−1x)2y−1x−1 = 1.
By considering the relations from Table 16 which are marked by *s and the relations of 3 above cases, it can be
seen that there are 2 different cases for the relations of 3 cycles of length 3 with the structure of the graph Γ1 as
Figure 18 on vertices of degree 3 in Z(α, β). Using GAP [9], a free group with generators x, y and the relations
of each of these two cases is finite. Hence, Z(α, β) does not contain any subgraph isomorphic to the graph Γ1 as
Figure 18. Also by considering the relations of 3 above cases, it is easy to see that there are 2 different cases for
two cycles of length 4 and a cycle of length 5 with the structure of the graph Γ2 as Figure 18. Using GAP [9],
a free group with generators x, y and the relations of each of these two cases is finite. Hence, Z(α, β) does not
contain any subgraph isomorphic to the graph Γ2 as Figure 18.
Graphs Γ12, Γ13 and Γ14 of Figure 6: Suppose that g is a vertex of degree 5 in Z(α, β). Hence, by Remark
4.1, θ3(g) = 1 and θ4(g) = 0. Thus, there exist exactly an element s ∈ ∆
3
(α,β) such that g ∈ V(α,β)(s). If
one of the graphs Γ12, Γ13 and Γ14 as Figure 6 is a subgraph of Z(α, β), then clearly there are at least two
cycles of length 3 in Z(α, β) such as C and C′ such that |VC′ ∩ VC | = 2 (i.e., C and C
′ have exactly an edge
in common), g ∈ VC′ ∩ VC ∩ V(α,β)(s), |VC ∩ V(α,β)(s)| ≤ 2 and |VC′ ∩ V(α,β)(s)| ≤ 2. Now, suppose that
TC = [h1, h
′
1, h2, h
′
2, h3, h
′
3] and TC′ = [h1, h
′
1, t2, t
′
2, t3, t
′
3] are 6−tuples corresponding to C and C
′, respectively,
where the first two components are related to the common edge between these cycles. With the above explanation
and as for part (3) of Lemma 3.6, it is easy to see that the conditions for TC and TC′ are exactly the same as
the conditions relating to the 6−tuples of two cycles of length 3 with the structure of the graph H1 as Figure 17
which was explained in the early part of this section. Hence, the relations of all possible cases for TC and TC′ lead
to contradictions and therefore Z(α, β) does not contain any subgraph isomorphic to one of the graphs Γ12, Γ13
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Figure 19. Three forbidden subgraphs of Z(α, β), where the degrees of vertices g and
g′ of any subgraph in Z(α, β) must be 4 of type (ii) and 5.
and Γ14 as Figure 6.
γ1, γ2 and γ3 of Figure 19: Suppose that g is a vertex of degree 4 of type (ii) in Z(α, β) and g1, g2, g3 and g4
are all vertices in Z(α, β) which are adjacent to g. According to our discussion in Section 8, there exists exactly
an element s ∈ ∆4(α,β) such that g ∈ V(α,β)(s) and θ3(g) = 0. Suppose that V(α,β)(s) = {g, g1, g2, g3} and g4 ∼ g1
and g4 ∼ g2 (see Figure 19). Hence, there are two cycles of length 3 which have an edge in common in Z(α, β)
such as C and C′ with the vertex sets VC = {g, g4, g1} and VC = {g, g4, g2}. Let TC = [h1, h
′
1, h2, h
′
2, h3, h
′
3] and
TC′ = [h1, h
′
1, t2, t
′
2, t3, t
′
3] be the 6−tuples corresponding to C and C
′, respectively, where the first two component
are related to common edge of these cycles. With the above explanation, it is easy to see that the conditions for
TC and TC′ are exactly the same as the conditions relating to the 6−tuples of two cycles of length 3 with the
structure of graph H1 as Figure 17 which was explained in the early part of this section. Hence, the relations
of all possible cases for TC and TC′ lead to contradictions and therefore Z(α, β) does not contain any subgraph
isomorphic to the graph γ1 as Figure 19.
Now, suppose that g′ is a vertex of degree 5 in Z(α, β) and g1, g2, g3, g4 and g5 are all vertices in Z(α, β) which
are adjacent to g′. According to our discussion in Section 8, there exists exactly an element s ∈ ∆4(α,β) such that
g′ ∈ V(α,β)(s) and θ3(g
′) = 0. Suppose that V(α,β)(s) = {g
′, g1, g2, g3} (see Figure 19). With the same description
as about the graph γ1 as Figure 19, it can be seen that it is impossible that g4 ∼ g3, g4 ∼ g2 and g4 ∼ g1 and also
it is impossible that g4 ∼ g3, g5 ∼ g3. Also it can be seen that if g3 is a vertex of degree 4 of type (ii) in Z(α, β),
then it is impossible that g4 ∼ g3 and g4 ∼ g5. Therefore, Z(α, β) does not contain any subgraph isomorphic to
one of the graphs γ2 and γ3 as Figure 19. This completes the proof of Theorems 5.12 and 8.13.
In view of Remark 10.5, the argument to prove Theorem 5.13 is exactly the same as the argument to prove that
the graph H1 as Figure 17 is a forbidden subgraph of Z(α, β) which was explained in the early part of this section.
